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The function μ is called a on X, C if 

and only if:

1. μ ∅ if ∅ ∈  C ,

2. For every E, F ∈ C such that E ⊆ F , we have

μ E  μ F ,

3. Let {En}n  be  a family of elements in C



such that E ⊆ E ⊆ · · · . If
 

n

En  ∈ C , then

μ En μ
n  

  
En 

n

.

4. ]  Let {En}n  be a family of elements in C
 

such that E ⊇ E ⊇ · · ·  and μ E < ∞. If En  ∈ C , then
n

μ En μ
n  

  
En

n

.

The function μ is called a 

on X, C if and only if it  satisfies conditions , and of 

Definition 1.1.1 and it is called an 

on X, C if and only if it satisfies conditions , and of Definition

1.1.1.  Both of them are simply called . 

Furthermore, we say that a fuzzy measure or a semi-continuous  fuzzy measure

is if and only if X ∈ C and μ X .
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X, F , μ
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μ μ 
 

μ X < ∞ μ X  

En  ∈ C μ En

En 
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On a semi-ring, any classical measure is a fuzzy measure.

Proof. X  μ C →  C 

μ μ ∅

E, F ∈ C E ⊆ F F E ∪ F \ E

μ F μ E μ F \ E  μ E μ E .
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Let μ be  the Dirac measure  on X, P X ,  i.e., for any

E ∈ P X , we have

1 if  x ∈ E,
μ E

0 if  x ∈/ E.



n

n

where x is a fixed point on X . This set function μ is a regular fuzzy measure. 

In fact,

1. μ ∅ because x ∈/ ∅.

2. Assume that E ⊆ F . If x ∈  E, then x ∈  F and we 

have μ E μ F .  If x ∈/ E, we have μ E . In this case, we 

have μ F or depending if x belongs or not to F . In both cases, 

we have μ E  μ F .

3. Consider a family of elements {En}n in F
 

such that E ⊆ E ⊆ · · ·  and
n

En  ∈ P X .

If x ∈ 
 

n

En, then μ
 

n

En and ∃  n such that x ∈ En .

Since {En}n  is increasing, it  means that x ∈   En,  for every n   n .

Thus, ∀n   n , we have μ En . This implies that  μ En 

and so μ En μ
n  

 

  
En 

n

.

  
If x ∈/

n

En,  then μ En 
n

and ∀n    , we have

x ∈/ En.  Thus, μ En , ∀n   . This implies that  μ En 

and so μ En μ
n  

  
En 

n

.

4. Consider a family of elements {En}n  in
 

P X such that E ⊇  E ⊇  · · ·  such that μ E < ∞ and

P X .

En   ∈ 
n



n

 
If x ∈  En, then x ∈ En  for every n and

n

μ En  μ En .
n

n

If x /∈ 
 
En,  then μ

n

  
En

n

.  Since x /∈   En,

then ∃n such that x /∈ En . Because {En}n is decreasing, it means that

x /∈  En  for every n   n .  Thus, μ En for every n   n and so

μ En . This implies that
n  

μ En  μ En .
n  

n

Because μ X , μ is regular.

Let X be a non-empty set and C be a nonempty class 

of subsets of X .  We consider μ C －→  , ∞ a non-negative, extended 

real-valued set function defined on C . Then the and 

the are automatically satisfied.

Proof. X  {a , · · · , an}  E ⊆   E ⊆   · · ·  
 

n

En  ∈ C X  i.e., 

En  E  n  

μ En μ En μ E μ
n  

  

Ej μ
j

  
Ej .

j

μ E ⊇  E ⊇  · · ·  



n

 
En   ∈ C i.e., En   E  

n
 n  

μ En μ En μ E  μ
n  

  

Ej μ
j

  
Ej .

j

μ 

Let X  { , , · · · , n} and C P X .  For E ∈ C , we

define μ by

μ E
E

, 
n

where E is the cardinality of E. Then μ is a regular fuzzy measure. In

fact,

1. ∅ ∈  C and we have μ ∅

2. Let E ∈ C , F ∈  C such that E ⊆  F .  Of course, we have E  

F which gives that μ E  μ F .

3. By Theorem 1.1.5 and since X  is finite, the continuity from above and 

below are satisfied.

Clearly, μ is regular.

Let f be a non-negative,  extended, real- valued function de- 

fined on X －∞, ∞ . We define for every E ∈ P X ,

μ E f x .
x E

We have that μ is a fuzzy measure. In fact,



1. μ ∅ x  f x

2. Let E ∈ P X , F ∈ P X such that E ⊆ F . We have

μ E f x  f x μ F 
x E x F

3. Let {En} ⊆  P X such that E ⊆  E ⊆  · · ·  and 

have

 

n

En  ∈  P X .  We

μ En f x f x

and

n  

 
μ

n  x En

En  

x Ei

f x f x
n

where i , , · · · , or n.

 
x  En

n

x Ei

Let μ be a regular fuzzy measure (respectively a regular 

upper semi-continuous  fuzzy measure or a regular lower semi-continuous fuzzy

measure) on X, R where R is an algebra of subsets of X . For any E ∈  R,

we define a set function  on X, R by

E － μ E ,

where E denotes the complement of E in X . Clearly,  is also a regular fuzzy 

measure (respectively a regular upper semi-continuous  fuzzy measure or regular 

lower semi-continuous  fuzzy measure). The fuzzy measure  is called a dual 

fuzzy measure (respectively a dual upper semi-continuous  fuzzy measure or a



 

dual lower semi-continuous  fuzzy measure semi-continuous  fuzzy measure).

Proof. E

Let μ be a fuzzy measure on X, C .

• We say that μ satisfies the -rule on C if and only if there exists  ∈ 

μ , ∞   ∪ { }, where μ μ E , such that
E C

μ E ∪ F μ E μ F μ E μ F ,

whenever E ∈ C , F ∈ C , E ∪ F ∈ C and E ∩ F ∅.

• We say that μ satisfies the finite -rule on C if and only if there exists

 such that

n

n

μ Ei 

μ Ei － if   ,
i

n
i

i

μ Ei , if   ,

for any finite disjoint class {E , · · · , En}  of sets in C whose union is

also in C .

• We say that μ satisfies the  －  rule on C if and only if there exists 



such that

μ Ei  

 

i

μ Ei － if   

i

i

μ Ei if   ,

for any finite disjoint class {E , · · · , En}  of sets in C whose union is

also in C .

 

 －  

If C R is a ring and μ satisfies the -rule, then μ satisfies 

the finite -rule.

Proof.  

μ  

{E , E , · · · , En} R

n 

μ Ei 
i

n

i

μ Ei － . 

n n k － 



∅

∈

n k

n  

μ  Ei μ
i

k

i

k

Ei ∪ Ek

μ   Ei 
i

k

μ Ek μ Ek 

i
k

μ Ei － μ Ek μ Ek 

i
k

μ Ei － μ Ek μ Ek 

i
k

i

μ Ei － μ Ek μ Ek 

μ Ei － .

n k

. . C 

Let X {a, b}  and C P X . We define μ as follows:

, if  E 

. , if  E {a} 
μ E

. , if  E {b} 

, if  E X

We have . . . . Hence,  and

－
μ

, ∞ ∪ { } － , ∞ ∪ { }.



, .

Thus μ satisfies the -rule with  . Since C is a finite ring, by Theorem

1.2.2, μ also satisfies the finite -rule and the  －  rule.

μ is called a -fuzzy measure on C if and only if it satisfies 

the  －  rule on C and there exists at least one set E ∈ C such that μ E < ∞. 

The -fuzzy measure is denoted by g .  When C is a -algebra and g X , 

the -fuzzy measure g   is also called a .

Let X {x , x , · · · } be a countable set, C be the semi-ring 

consisting of all singletons of X  and the empty set. Consider {ai}  a sequence 

of non-negative real numbers. Define μ as follows:

μ {xi} ai for  i , , · · · ,

μ ∅ .

Then μ is a -fuzzy measure for any  ∈  
μ   ∞   ∪ { } 

If g   is a -fuzzy measure on a class C containing the empty 
set ∅, then g ∅ and g   satisfies the finite -rule.

Proof. ∃  E ∈ C g E < ∞

 g   

g ∅

 {E, E , · · · }, E E · · · ∅

C E

g E
 

i

g Ei g E － .



g E g E

 

 

i

g Ei .

 ∈ μ , ∞ g E < ∞

< g E < ∞.

 

i

g Ei

g ∅ .

g ∅

If  g    is a -fuzzy measure on a semi-ring L , then g    is 

monotone.

Proof.  g   g   
n

 E ∈ L , F ∈ L E ⊆ F L F \ E 

{Di} L 
i

Di

n

i

g Di －  ,

 >  < g   



g F g E ∪ D ∪ · · · ∪ Dn

n

i

g Di g E － 

g E

    g E .

n 

i

g Di － g E

1. We say that μ is subadditive if and only if

μ E  μ E μ E ,

whenever E ∈ C , E ∈ C , E ∈ C and E E ∪ E .

2. We say that μ is superadditive if and only if

μ E  μ E μ E ,

whenever E ∈ C , E ∈ C , E ∈ C , E ∩ E ∅   and E E ∪ E

Let g   be a -fuzzy measure on a semi-ring L . Then, it is 

subadditive when  < , superadditive  when  > and additive when  .



Proof. μ 

 < 

μ E － μ E μ E μ E μ E .

μ E μ E

μ E  μ E μ E ,

g    > 

μ E － μ E μ E μ E μ E .

μ E μ E

μ E  μ E μ E ,

g    μ E μ E μ E g   

Let g   be a -fuzzy measure on a ring R.  Then, for any

E ∈ R and F ∈ R, we have

g E － g E ∩ F 
1. g E \ F 

g E ∩ F 

g E g F － g E ∩ F g E g F 
2. g E ∪ F 

g E ∩ F 



3. If R is an algebra and g   is regular, then we have

－ g E
g E

g
.

E

Proof. 

g E g E ∩ F ∪ E \ F 

g E ∩ F g E \ F g E ∩ F ,

g E － g E ∩ F 
g E \ F 

g E ∩ F 

g E ∪ F g E ∪ F \ E ∩ F 

g E g F \ E ∩ F g E

g F － g E ∩ F 
g E

g
g E

E ∩ F 
g E g F － g E ∩ F g E g F 

g E ∩ F 

g X － g X ∩ E － g E
g E g X \ E

g X ∩ E g
.

E

Let X  be a finite set. A - fuzzy measure is a nonnegative



set function g   P X → , satisfying:

g A ∪ B g A g B g A g B ,

for all A, B ∈  X  whenever A ∩ B ∅   where  ∈  － , ∞ .  Moreover, if X

finite, i.e., X {x , x , ...., xn}, then g X can be formulated  as follows:

g X g x , x , ..., xn
n n n

i

g {xi}
i j

g {xi} g {xj }

n n n

g {xi} g {xj } g {xk } · · · 
i j k

n g {x } g {x } · · · g {xn}

We can always construct a -fuzzy measure on any finite 

set X . In fact, let X {x , · · · , xn} is a finite set and C consists of X and all 

singletons of X . We define μ on C as μ {xi} < μ X < ∞ for i , , · · · , n. 

There are at least points xi and xi satisfying μ {xij } > , for j , . 

So, the set function μ is always a fuzzy measure on C for some parameter  .

μ X 
n

i

μ {xi}  

 

μ X 
n 

i

μ {xi} － 



a

f  

∞

The equation

μ X 
n

i

μ {xi} － 

determines the parameter  uniquely. In fact,
n

1.  > when

2.  when

3.   

i

n 

i

μ {xi} < μ X 

μ {xi} μ X 

n

μ X <  < when
i

μ {xi} > μ X 

Proof. μ X a μ {xi} ai  i , , · · · , n 

fk 

k

i

ai k , · · · , n.

a > , a > 

ak > k , · · · , n  ∈ , ∞ fk ak fk

f  
 

k ak fk ak fk ,

f   
 

k ak fk ak fk ,

k , · · ·  , n  ∈  , ∞ f   > f    > a

f  > f  > 

k k

k  k

a a a a > ,

f   a a > f   > fn , k  a



a

a

μ X

fn fn

∞

n

i
ai  fn

n

i

ai  < a fn < g fn

f a  g  > 
n

i

ai  a fn g f a  

fn  

fn f a
n

i

ai   > a fn > g fn > f 

a      fn

f a   ∈ , 

• xi  μ {xi} μ X 

μ 
  ∈ μ X , ∞ μ {xi} j i

 , ∞   .

• 

C P X 

Let X {a, b, c}  and define μ as

μ X , μ {a} μ {b} . , μ {c} .

According to Theorem 1.2.13, μ is a -fuzzy measure. To calculate , using

Equation (1.2.2), we have

. . . － 
,



that is . .  － . . So we have

. － 
√

. . － .
√

. .－ . － or  .
.

According to Theorem 1.2.13, and since . . . < , we have  .

Let a ∈ , ∞ . An extended real function  , a → , ∞

is called a if and only if  is continuous, strictly increasing, such 

that and {∞} ∅  or {∞}, depending on the point a being finite 

or not.

1. μ is called if and only if there exists 

a T-function  whose domain of definition contains the range of μ, such 

that the set function  ◦  μ defined on C by:

 ◦  μ E μ E , for any E ∈ C ,

is additive.

2. μ is called if and only if there exists a T-function  such 

that  ◦  μ is a classical measure on C .  The T-function  is called the 

of μ.

3. A regular quasi-measure is called a . It is clear that 

any classical measure is a quasi-measure with the identity function as its 

proper T- function.



The fuzzy measure, given in Example 1.1.6, is a quasi mea- 
sure. Its proper T-function is y √y, y ∈ , . This is because μ E

E   E
n  , and so  ◦  μ E n  is a classical measure.

Any quasi measure on a semi-ring is a quasi-additive fuzzy 

measure.

Proof. μ L  

μ 

μ ◦   ◦  μ  ◦  μ 

 ◦  μ A   ◦  μ B ,

◦  ◦ μ A  ◦  ◦ μ B μ μ ∅

μ 

If μ is a classical measure, then, for any T-function  whose 
range contains the range of μ, we have that ◦  μ is a quasi-measure with

proper T-function given by .

Proof. ◦ μ 

◦ ◦ μ

 ◦  ◦  μ μ 

◦  μ 



k

Let μ be quasi-additive  on a ring R  with μ ∅ . If μ is

either continuous from below on R, or continuous from above at ∅   and finite,

then μ is a quasi-measure on R.

Proof. μ   ◦  μ 

R  ◦ μ R 

∅   ◦ μ R

μ R

Any quasi-additive fuzzy measure  on a ring is a quasi- 

measure.

Proof. μ 

  ◦ μ  ◦ μ E μ E E ∈ C 

 ◦ μ ∀  ∈ C ,  ◦ μ E  

 ◦  μ ∅ μ ∅ μ 

 ◦  μ ∅ μ ∅ .

{Ek }  C  ◦  μ 

 ◦  μ
 

k

Ek 

 

k

 ◦  μ Ek .

 ◦  μ 



Let  . Any -fuzzy measure g   is a quasi-measure with

y
y

, 
k

as its proper T-function,  where y ∈  , g and k is an arbitrary finite

positive real number. Conversely, if μ is a classical measure, then ◦ μ is a

-fuzzy measure where

   x ek x
, 

for x ∈ , ∞ and k is an arbitrary finite positive real number.

Proof.   {En} C 
 

n

En  C g   C 

 ∃E ∈ C g E < ∞

 ◦  g
 

n

En k
g

n

∞En

k
 

 

n

g En － 

k
n

g En

 

n
 

n

g En

k

 ◦  g En ,

 ◦  g E g E < ∞  ◦  g   C 

μ C ∃E ∈ C



μ E < ∞

    ◦  μ
  
En 

n

 

n

μ En

k

e

 

n

μ En

－ 

 

n

ek μ En － 

  
μ En － 

n
  

n

◦  μ En － .

◦ μ  － ◦ μ E μ E <    

∞ ◦  μ C 

Let X {a, b}, F P X and define g   by:

g E

0 if E 

0.2 if E {a} 
0.4 if E {b} 

1 if E X



－

Let’s calculate  using Equation (1.2.2). We have

μ   Ei 
i

. .

⇒   
 

. . － 

⇒   
 

.  .  

⇒   . .

⇒    .

So, g   is a -fuzzy measure with  and y
y

k
y .

k
By taking k , we get y y . So, we have

 ◦  g E

0 if E 

0.387 if E {a} 
0.613 if E {b} 

1 if E X

Hence,  ◦  g   is a probability measure.

Let X {a, b}  and F P X .  Define the -fuzzy mea- 

sure g   by:

g E

0 if E 

0.5 if E {a} 
0.8 if E {b} 

1 if E X



.

. and

∅

Let’s calculate  using Equation (1.2.2). We have

μ ∪Ei  
. . － 

⇒   
 

. . － 

⇒   
 

.  .  

⇒   . .

⇒    － . ,

So y
y

k
－ . y

. By taking k － . k . , we have

y . y

 ◦  g E

0 if E 

0.34 if E {a} 
0.66 if E {b} 

1 if E X

Hence,  ◦  g   is a probability measure.

On a semi-ring, the -rule is equivalent to the finite -rule. 

Proof. ⇒



.

 μ
n

i

Ei

n

i

μ Ei

⇐

 μ
n

i

Ei

n

i

μ Ei

Any -fuzzy measure on a semi-ring is continuous.

On a ring, the -rule with the continuity, together, are 

equivalent to the -  rule.  Thus, on a ring, any fuzzy measure that satisfies 

the -rule is a -fuzzy measure.

 －  

If g   is a regular -fuzzy measure on an algebra R, then 

its dual-fuzzy measure μ, defined by μ E － g E , for any E ∈ R, is also 

a regular -fuzzy measure on R, and the corresponding parameter is given by

  



Proof. E ∈ R, F ∈ R E ∩ F ∅

μ E μ F － 
 

μ E μ F 

－ g E － g F － 
 

－ g F 

 g E
g E

 g F 
g F 

  
 g E g F － 
g E g F 

 g E g F g E g F 
g E g F 

 g E ∪ F 
g E ∪ F 

－ g E ∪ F μ E ∪ F .

μ μ  －  

    μ X － g ∅ , μ 

R     

Let P P X be the power set of P X .  If p is discrete 

probability measure on (P X , P P X with p {∅} , then the set func- 

tion m P X → , determined by m E p {E} for any E ∈  P X is 

called a basic probability assignment on P X .

A set function m P X →  , is a basic probability



assignment if and only if

m ∅

E P X 

m E

Proof. ⇒ m P X →  , 

m ∅ p {∅}

E P X 

m E
E P X 

p {E} .

⇐ Dn  {E/ < m E   } n , , · · · Dn  n n

 
D 

n

Dn  {E/m E > } 

L {{E}/E ∈ P X } ∪ {∅} 
E ∈ P X 

p {E} m E E ∈ D

,  

p {∅} p L p {∅}

p 



i

i

－

P X , P P X 

E  ∈ P P X 

p E 
E E

p {E} ,

If m is a basic probability assignment on P X , then the 
set function P X → , determined by

E
F E

m F for any  E ∈ P X ,  

is called a belief measure on X, P X or more exactly a belief measure

induced from  m.

If E is a nonempty finite set, then

F E

－ F 

Proof. E {x , x , · · · , xn}

{ F , F ⊆ E} { , , · · · , n},

{F, F i}  n i , , · · · , n. 

F E

－ F 
n

i

ni

i
－ n ,

i n

i



If E is a finite set, F ⊆ E, then

G/F G E

－ G

Proof. E \ F 

G/F G E

－ G

D E\F

－ F D － F

D E\F

－ D

Let X be finite, and  and v be two finite set functions defined 

on P X . Then, for any E ∈ P X , we have:

E
F E

v F ⇐⇒  v E
F E

－ E\F F 



Proof. E
F E

v F E ∈ P X 

F E

－ E\F F － E

F E

－ F F 

－ E

F E

－ F 

G F

v G

－ E

F,G/G F E

－ F v G

－ E

G E F /G F E

－ F v G

－ E

G E

v G
F /G F E

－ F 

－ E v E － E

v E .

v E
F E

－ E\F F E ∈ P X 

F E

v F 
F E G F

－ F \G G
G E

－ G G
G F E

－ F

－ E E － E

E .

If is a belief measure on X, P X , then

1. ∅ .

2. X .



3. If {E , · · · , En}  is a finite subclass of P X , then

n

i

Ei  
I { ,··· ,n},I 

－ I Ei

i I

4. is continuous from above.

Proof. ∅
F 

m F m ∅

X 
F X

m F 

{E , E , · · · , En}  

I F {i/  i  n, F ⊆ Ei},



F 

i

n

F ∈ P X 

－ I Ei

I { ,··· ,n},I  

I { ,...,n},I 
－ I 

i I

F i∈I Ei

m F 

F /I F 

m F 
I I F ,I 

－ I 

F /I F 

F /I F  

m F － 

m F 

m F 

I I F 

－ I 

F Ei     i

  m F 
i Ei

n

i

Ei   .

{Ei}  P X  Ei  E

{Dn} ⊆ 
P X m F F ∈/  {Dn} c  >

, ∃n n>n m Dn < c Dn n   n

Dn   /⊆  E Dn  \ E  ∃i n /Dn   /⊆  Ei n i

i , ...., i n Dn  /⊆ E Dn  /⊆ Ei n  n



E
F E

m F 

Dn E

 

m Dn

m Dn

Dn E,n n

 
Dn Ei ,n n

m Dn

 
Dn Ei

m Dn － 
n>n

m Dn

>
F Ei

m F － c

Ei － c.

E  Ei i , , · · ·  { Ei }  

i E Ei
i

Any belief measure is monotone and superadditive. 

Proof. E ⊆ X, E ⊆ X E ∩ E ∅

E ∪ E

    E E － E ∩ E

E E

    E .

E ∪ E  E E . 



E ⊆ E ∪ E E  E ∪ E

∅

Let X be finite. If a set function μ P X → , satisfies 

the conditions:

1. μ ∅

2. μ X 

3. If {E , · · · , En}  is a finite subclass of P X , we have

n

μ
i

Ei  
I { ,··· ,n},I  

－ I μ Ei

i I

Then, the set function m determined by

m E
F E

－ E\F μ F ,  for any  E ∈ P X ,  

is a basic probability assignment , and μ is just the belief measure induced

from m, that is: μ E E
F E

m F 

Proof. m ∅
F  

－ \F μ F μ ∅



i

E X

m E μ X .

m ∅ m E

m E  E ⊆ X X E 

E {x , · · · , xn} Ei  E \ {xi} E n Ei  

m E
F E

－ E\F μ F 

μ E － 

n
I { ,··· ,n},I  

－ I μ Ei

i I

μ
i

Ei － 
I { ,··· ,n},I  

－ I μ Ei  .
i I

m μ 

m

If m is a basic probability assignment on P X , then the 
set function P l P X → , determined by

E
F E  

m F ,  for any  E ∈ P X 

is called X, P X 



If and are the belief measure and plausibility measure 

induced from the same basic probability assignment respectively, then

E － E and E  E ,

for any E ⊆ X . 

Proof. 

E
F E

F X

m F 

m F － 
F j E

m F 

－ 
F E  

m F 

－ E .

E

E ⊆ X F E

m F E
F E  

m F 

E  E

If E is a plausibility measure on X, P X , then:

1. ∅

2. X 



E

3. If {E , · · · , En}  is a finite subclass of P X , then

n

Ei  
i I { ,··· ,n},I  

－ I Ei 

i I

4. is continuous from below.

Proof. X － ∅ ∅

∅ － X X 

n

Ei
i

n

－ Ei
i

n

－ 

    － 

Ei
i

－ I 
i

I { ,··· ,n},I  i I

I { ,··· ,n},I  

－ I － Ei

i I

I { ,··· ,n},I  

－ I － Ei 

i I

I { ,··· ,n},I  

－ I 

i I

Ei .

Any plausibility measure is monotone and subadditive.



Proof. E ⊆ F ⊆ X F ⊆ E ⊆ X 

F  E .

E ⊆ F 

E － E  － F F .

E ⊆ X E ⊆ X 

 E ∩ E  E E － E ∪ E .

E ∪ E  E E

Any discrete probability measure p on X, P X is both a 

belief measure and a plausibility measure. The corresponding  basic probability 

assignment  focuses on the singetons of X, P X .   Conversely, if  m is a 

basic probability assignment focusing on the singletons of P X , then the belief 

measure and the plausibility measure induced from m coincide, resulting in a 

discrete probability measure on X, P X .

Proof. p 



i{x , x , · · · } ⊆ X  p {xi}

E {xi} 
m E

E ∈ P X m 

p E
xi E

p {xi}
F E

m F 
F E  

m F .

p 

m P X 

E ∈ P X 

E
F E

m F 
x E

m {x}
F E  

m F E .

  

X, P X 

Let and be the plausibility measure and the belief 

measure, respectively,  induced from a basic probability assignment m.  If 

coincide with , then m focuses only on singletons.

Proof. E ∈ P X P X 



m E > x ∈ E

{x} m {x}

< m {x} m E

 
F {x}j  

m F 

{x} .

P X 

X 

g

Let X be countable,  and g ,  be a Sugeno measure on 

X, P X .  Then, when  > , g   is a belief measure, and when  < , it is 

a plausibility measure.

Proof. X {x , x , · · · }  > m P X → , 

m E

E

xi E

g {xi} E ∅ 

E ∅.



m E  E ∈ P X 

g E
xi E

g {xi} － 

F E,F  

F 

xi F

g {xi}

F E,F  

F 

xi F

g {xi}

F E

m F .

g X F X m F m 

g   m  < 

       > 

g   

μ is fuzzy additive (or f-additive) on C if and only if

μ
t T

Et μ Et , 
t T

for any subclass {Et/t  ∈   T } of C whose union is in C and where T is an

arbitrary index set. If C is a finite class, then the f-additivity of μ on C is 

equivalent to the simpler requirement that

μ E ∪ E μ E ∨ μ E



whenever E , E , and E ∪ E ∈ C . Here, we denote by mu E ∨ mu E the

supremum of μ E and μ E .

μ is called a on C if 

and only if it is f-additive on C and ∃E ∈ C /μ E < ∞. Usually a generalized 

possibility measure is denoted by .

If  is a generalized possibility measure defined on P X , 

then the function f defined on X  by f x {x} for any x ∈  X  is called 

.

Any generalized possibility  measure  on C is a lower semi- 

continuous  fuzzy measure on C .

Proof. T  ∅
t T

Et  ∅    

μ Et ∅  ∈   C 
t T

E ∈ C , F ∈ C E ⊆ F 

F E ∪ F E ∧ F  E .

 {En} 
C E C 

c > 

∃n / En  En － c E － c.
n

 n En E .



n

∞

A regular generalized possibility  measure  defined on P X 

is called a .

Let X  －∞, ∞ and  P X → , the set function

defined by

E ∅ 
E

E ∅ 

Let’s prove that   is f-additive.  If for all t, Et ∅,  then μ Et and 

μ Et . If all Et ∅, then μ Et and μ Et . If ∃ti 
such that Eti    ∅,  so μ Et and μ Et .  In all cases,    is

f-additive and x since X  ∅.  Therefore, it is a possibility measure 

on P X .   However, it  is not continuous from above. In  fact, if  we take
 

En  , , then {En} is decreasing, and En  ∅. We have En ,
n

∀n , , · · ·  but ∅ . So,

En  En  .
n

n

Therefore,  is a possibility measure but not continuous from above.

If f is the density function of a possibility measure , then

f x . Conversely, if a function f X → , satisfies f x ,
x X x X

then f can determine a possibility measure   uniquely and f is the density

function of .



Proof. 

f x {x} ∪x X {x} X .
x X x X

E x E f x E ∈ P X  

{x} x {x} f x f x

f X → , ∞

 P X E f x E ∈ P X 
x E

A basic probability assignment is called if and 

only if it focuses on a nest (A nest is a class fully ordered by the inclusion 

relation of sets).

Let X be finite. Then any possibility measure is a plausibil- 

ity measure, and the corresponding  basic probability assignment is consonant. 

Conversely, the plausibility measure induced by a consonant  basic probability 

assignment is a possibility measure.

Proof. X {x , x , · · · , xn}  

{x }  {x }  · · ·  {xn} .



m P X 

{x } － {x } E F , i , · · · , n － i

m E x

i i

E F{  n} n

,

Fi  {x , · · · , xi}, i , · · · , n m 

{F , · · · , Fn}

m {F , · · · , Fk } 
F ⊆   F ⊆   · · ·  ⊆   Fk   

m E ∈  P X j {j/Fj  ∩ E ∪ E ∅}  

j ,i  {j/Fj  ∩ Ei  ∅}, i , , · · · 

E ∪ E

Fj E E  

m Fj 
j j

m Fj 
j j

m Fj 

j j ,

m Fj ∨ 
j j ,

m Fj 

Fj E  
m Fj ∨ 

Fj E  
m Fj 

E ∨ E .

P X 



Let X {x , x , x , x , x }  and  be a possibility measure

on X, P X with a density function f x {x} , x x , · · · , x defined

as follows:

f x , f x . , f x . , f x . , f x .

The corresponding  basic probability assignment m focuses on subsets of X , 

which are

F {x }, F {x , x }, F {x , x , x , x }, F X,

with

m F f x －f x － . . , m F f x －f x . － . . , 

m F f x －f x . － . , m F f x －f x . － . . , 

m F f x . .

Notice that {F , F , F , F }  forms a nest.

X P X 

X 

Let X be the set of all rational numbers in , and f x

x for all x ∈  X .  The set X  is a countable set. Define a set function  on



P X as follows:

E f x ,  ∀E ∈ P X .
x E

Let’s prove that  is a possibility measure on P X . We have

E ∪ E f x f x ∨ f x ,
x E E x E x E

so  is f-additive. Let E ∅, ∅ f x < ∞.  Therefore,  is a
x  

possibility measure on P X but it is not a plausibility measure.  Assume  is

a plausibility measure . If we take E X , then

X 
F X  

m F .

However, X x X f x . So, which leads to a contradiction.

If  is a possibility measure on P X , then its dual set 

function v ,which is defined by v E E for any E ∈  P X is called 

a on P X .

A set function v P X → , is a necessity measure if 

and only if it satisfies

v Et

t T

v Et
t T

for any subclass {Et/t ∈ T } of P X , where T is an index set, and v ∅ .

Proof. 

v ∩Et － ∪Et － Et － Et v Et .
t T



Any necessity measure is an upper semi-continuous fuzzy 

measure. Moreover, if  X  is finite,  then any necessity  measure  is a special 

example of belief measure and the corresponding  basic probability assignment 

is consonant.

Proof. v v 

v ∅ － ∅ － X 

E ∈  P X , F ∈  P X /E ⊆ F v E  v F v E － E

v F － F    

F ⊆ E

⇒   F  E

⇒   － E  － F 

⇒   － E  － F 

⇒   v E  v F 

v E － E  v 

v 

v E － E  

X  

E － E v 



F C 

If μ is , then we have

μ En μ En
n  n  

for any sequence {En} ⊆ F whose limit exists.

Proof. {En} F 

E En  En  En.
n  n     n n    n

μ 

μ E

μ En μ Ei
n  n

i n
 

μ
n

i n

Ei μ En
n

    μ En  μ En
n  n

   

μ
n

Ei μ Ei
n

i n

μ En
n

μ E .

i n

μ En μ En μ E
n  n  

We say that μ is exhaustive if and only if  μ En
n  



n

for any disjoint sequence {En} of sets in F .

If μ is a finite upper semi-continuous  fuzzy measure, then it 

is exhaustive.

Proof. {En} F Fn  

{Fn}  F 

 

i n

Ei

 
Fn  Fn  En  ∅.

n  n 
n

μ 

μ

μ Fn μ Fn μ ∅ .
n  n

  μ En   μ Fn μ En μ 
 

Any finite fuzzy measure on a measurable  space is exhaus- 

tive.

Proof. μ μ 

μ 

{En} ⊆ C E ⊆ E ⊆ · · ·  En  ∈ C 

μ En μ En  μ En
n  n  



F －

A measurable  space is a couple X, F where X  is a set 

and F is a -algebra on X . Elements of F are called measurable sets.

Let B be a collection of subsets of a topological  space X .

B is called a Borel field if and only if:



 
1. If Ai i  is a family of elements of B, then Ai  ∈ B

i

2. If A ∈ B, then X \ A ∈ B

Let A  collection of subsets of X . Let B A the intersec- 

tion of all Borel fields containing A .  Then every set B ∈  B A is called a 

Borel set.

X, F μ F → , ∞

B －∞, ∞ .

A real-valued  function f X  →  －∞, ∞ on X  is F - 

measurable (or measurable) if and only if f B {x/f x ∈  B} ∈  F for 

any Borel set B ∈ B

If  f X  →  －∞, ∞ is a real-valued  function, then the 

following statements are equivalent:

1. f is measurable

2. x/f x  ∈ F , ∀  ∈ －∞, ∞

3. x/f x > ∈ F , ∀  ∈ －∞, ∞

4. x/f x  ∈ F , ∀  ∈ －∞, ∞

5. x/f x < ∈ F , ∀  ∈ －∞, ∞

Proof. ⇒ {x/f x  } f , ∞ f 

, ∞

f , ∞ ∈ F .



⇒ {x/f x  } ∈ F ∀  ∈ －∞, ∞ f B ∈ F 

B ∈ , ∞ /  ∈  －∞, ∞ A  {B/f B ∈  F } 
C , ∞ /  ∈  －∞, ∞ C ⊆ A B ∈  A 

f B f B ∈  F B ∈  A A  

{Bn} ⊆ A 

f 
 

n

Bn

 

n

f Bn ∈ F .

 
n Bn   ∈   F A  

A  B F C ⊆ A f

⇒ {x/f x   } {x/f x > } ∪ {x/f x }
{x/f x   } ∈   F {x/f x } ∈   F F 

{x/f x > } ∈ F 

⇒ {x/f x > } ∈  F ∀  ∈  －∞, ∞

{x/f x  } ∈  F {x/f x  } {x/f x > } F

{x/f x  } ∈ F 

⇒ {x/f x   } ∈  F ∀  ∈  －∞, ∞

{x/f x < } ∈ F ∀  ∈ －∞, ∞

{x/f x  } {x/f x < } ∪ {x/f x }.

{x/f x  } ∈ F {x/f x } ∈ F {x/f x < } ∈ F

⇒ {x/f x < } ∈  F ∀  ∈  －∞, ∞

f {x/f x < } ∈   F ∀   ∈   －∞, ∞



n

f B ∈  F B ∈  { －∞, /  ∈  －∞, ∞ }
A  {B/f B ∈  F } C { －∞, /  ∈  －∞, ∞ }
C ⊆ A B ∈  A B ∈  A  f B f B ∈  F 

A  {Bn} ⊆ A , 

f 
 

n

Bn  f Bn ∈ F .

 Bn   ∈   F A  

A  B F C ⊆ A  f 

If f is a measurable function, then {x/f x } ∈   F ,

∀  ∈ －∞, ∞

Proof. {x/f x } f { } －∞, , ∞

－∞, ∩ , ∞ { }  f 

f { } {x/f x } ∈ F ∀  ∈ －∞, ∞

Let －∞, ∞ and n   × × · · · × be  the

n-dimensional product space. Denote

L n  
n

i

ai, bi / － ∞ < ai   bi  < ∞, i , , · · · , n  .

The -algebra B n F L n is called the Borel field on n  and the sets 
in B n are called n-dimensional  Borel sets. A function f n  → is called

an (n-ary)  Borel function if and only if it  is a measurable function on the 

measurable  space n, B n



i

i i

i

f 

Let f , · · · , fn  be measurable  functions. If g n  → is a

Borel function, then g f , · · · , fn is a measurable function.

Proof. B ⊆ －∞, ∞

g f , · · · , fn B

x/g f x , · · · , fn x ∈ B

x/ f x , · · · , fn x ∈ g B

E n ai, bi ∈ L n

n

{x/ f x , · · · , fn x ∈ E} {x/fi x ∈ ai, bi } ∈ F .
i

{x/ f x , · · · , fn x ∈  F } n f ai, bi . ai, bi

f ai, bi ∈ F 

n

i  ai, bi ∈ F .
i

{x/ f x , · · · fn x ∈ F } ∈ F F ∈ B n g 

g B ∈ B n B ⊂ －∞, ∞ {x/ f x , · · · fn x ∈ 

g B }  ∈   F B ⊂ －∞, ∞ g f , · · · , fn

f , f  ∈ 
－∞, ∞

f , f f , f － f , |f |, f × f , |f | , f ∨ f , f ∧ f ,



n

 {x/f x f x }  
{x/f x － f x } ∈ F 

If {fn} is a sequence of measurable functions,  h x n{fn x }, 
and g x n{fn x }  for any x ∈ X . Then h and g are measurable.

Proof.  ∈ －∞, ∞

{x/h x > } {x/ {fn x } > } 
n

 

n

{x/fn x > } ∈ F

 
{x/g x  } {x/ {fn x }} {x/fn x  } ∈ F .

h g 

n

Let {fn}  be a sequence of measurable functions. Denote

by f x nfn x and f x nfn x . Then, f and f are measurable. 

Furthermore, if n fn  exists , then it is also measurable.

Proof. 

f x fn x f x {fn x }.
m  n m m   n m

f f n fn  

fn  → f nfn  nfn  f nfn  nfn  

n fn  f 

• 



• f, f , · · · , fn  

• F 

Let A ∈  F and P be a proposition w.r.t points in A.  If

there exists E ∈  F with μ E such that P is true on A \ E, then we say

“P  is almost everywhere true on A”.  If there exists F ∈ F with μ A \ 
F μ A such that P is true on A \ F , then we say “P  is pseudo-almost

everywhere true on A”

{fn}  f 

fn  －→ f {fn}  f fn  －－→ f

Let X { , }, F P X and

1 E ∅,
μ E

0 E ∅,

for any E ∈  F .  Define a measurable function sequence on X, F , μ as fol-

lows:

fn x
1-1/n  x ,

1/n  x ,



n

n

n

n  －→ 

n

a.e

p.a.en , , · · · . Let’s prove that fn  －－→ . Let F { }, then X \ F { }  and

μ X \ F μ { } μ X .

We have fn x p.a.e→ . So, fn  → on X \ F . Therefore, fn  －－→ . Let’s
p.a.eprove that fn  －－→ . Let E { }, then X \ E { }  and

μ X \ E μ X .

We have fn x －  p.a.e→ . So, fn  → on X \ E.  Therefore, fn  －－→  .

Let’s check if f a.e   . Take F ∅   so μ F and X \ F X  { , }.
So, in case x , we have fn x , so fn  → but in case x , we have

a.e a.efn x －  , so fn  → . Therefore, fn  . Let’s check if fn  －→  . Let

F ∅, then μ F and X \ F X { , }. So, in case x , we have

fn x －  , so fn  → , but in case x , we have fn x , so fn  → .n  n
a.eTherefore, fn  .

Let X { , }  and F P X . We define

for any E ∈ F and

1 E X ,
μ E

0 E X ,

1-1/n  x ,
fn x

1/n  x .

Let’s prove that fn  －→ . Take F { }.  So, F X  and μ F . We have



n
a.e a.e

n
a.e

n

n

n n

fn x , so fn  → .  Therefore, fn －→  . Let’s prove that fn －→  .  Let

E { },  so E X  and μ E .  So, fn x －  and hence fn  → .

Therefore, fn －→  .  Let’s check  if fn
p.a.e－－→  .  Take F  ∅,  X \ F  X

and μ X \ F μ X . So, in case x , fn x
p.a.e

→ , but in case
p.a.ex , fn x －  . Therefore, fn . Let’s check if fn  －－→ . Let

F ∅, X \ F X  and μ X \ F μ X . So, in case x , we have

fn x －  → , but in case x , we have fn x . Therefore,
p.a.efn   .

a.e a.efn  －→ f fn  －→ g

f g

P a.e A ∈  F P a.e 

A F a.e p.a.e

Let X {a, b, c}  and F P X . We define

E E {a, b} 
μ E

E {a, b} 

for any E ∈ F and the function f by

0 x ∈ {a, b},
f x

1 x c.

Let’s prove that μ is a fuzzy measure.



1. μ ∅ ∅

2. Let E, F ∈  F such that E ⊆  F .  If E ⊆  F , then E has equal or less 

cardinality than F .  Hence E   F .   Therefore, μ E  

μ F .

3. Let {En} ⊆ F such that E ⊆ E ⊆ · · · En  and ∪En  ∈ F . We have

μ ∪En μ P X .

Thus, n μ En . So continuity from below is satisfied.

4. Consider {En} ⊆  F such that E ⊇  E ⊇  · · · En   and ∩En  ∈  F . We 

have

μ ∩En μ ∅ .

Thus, n μ En . So continuity from above is satisfied.

Therefore, μ is a fuzzy measure. Let’s check if f on X , p.a.e. Let F {c}. 

We have

μ X \ F μ {a, b} ,

and μ X X . On X \ F , we have f x . Therefore, f on 

X , p.a.e. Let’s prove that “f on {a, c} p.a.e” is not true. By contradiction, 

assume f on {a, c}  p.a.e, so ∃E ∈ F such that

μ {a, c} \ E μ {a, c}



n  －→  k k k

n

n

and f on {a, c} \ E. If we take E {a}, we have

μ E μ {x/f x , x ∈ {a, c}}   μ {a, c} ,

which is a contradiction.Therefore f on {a, c}  p.a.e is not true.

Let A ∈  F , f ∈  F  and {fn}  ⊆  F .  If ∃{Ek } ⊆  F with 

k μ Ek such that {fn} converges to f on A \ Ek  uniformly for any fixed 

k , , · · · , then, we say that {fn}  converges to f on A almost uniformly

and it is denoted by f  a.u   f . If ∃{F } ⊆ F with μ A \ F μ A such 

that {fn}  converges to f on A \ Fk  uniformly for any fixed k , , · · · , then, 

we say that {fn}  converges to f on A pseudo- almost uniformly  and it is
p.a.udenoted by fn  －－→ f .

Let A ∈ F , f ∈ F, {fn} ⊆ F . If

μ {x/|fn x － f x |  c} ∩ A  

for any c > , then we say that {fn}  converges in μ (or converges in mea-

usure) to f on A and it is denoted by fn  →－ f on A. If

μ {x/|fn x － f x | < c} ∩ A μ A ,

for any c > , then we say that {fn}  converges-pseudo in μ (or converges

p.upseudo in measure)to f on A and denote it by fn  －→ f on A.

A X 



n
x

x  x

n

n

n

n

Let X , ∞ , F B , and μ be the Lebesgue measure.

Here B is the class of all Borel sets in , ∞ .

p.a.u• Let’s check if fn  －－→ f . Let fn x , n , , · · ·  and let f x .

We have

μ X \ { x }  μ X 
n  n

p.a.uand → on X \ { } uniformly. Hence fn  －－→ fn  n

p.u• Let’s check if fn  －→ f . We want to prove that

μ {x/ |fn x － f x | < c} ∩ X  μ X 

for any c  . We have

μ {x/ 
x － < c} ∩ , ∞

n  n
μ {x/ 

x 
< c} ∩ , ∞

n n 
μ {x/ － nc < x < nc} ∩ , ∞

μ , nc ∞ μ , ∞ .

μ• Let’s check if fn  →－ f on X . We want to prove that

μ {x/ |fn x － f x |  c} ∩ X  μ X 



n

∞

for any c > . We have

μ {x/  
x －  c} ∩ , ∞

n  n
μ {x/  

x  c} ∩ , ∞
n  n
μ {x/ － nc  x  nc} ∩ , ∞

μ nc, .
n



X, F X ∈ F , μ 

F → , ∞

. F 

X, F f ∈ F 

F   {x/f x  }, 

F {x/f x > },



 ∈ , ∞ F   F － － f 

f x ∞,
x  

, ∞ .

Let A ∈   F , f ∈   F .  The fuzzy integral of f (also called

Sugeno Integral) on A with respect to μ, denoted by A f dμ is defined by

－  f dμ  ∧ μ A ∩ F .
A  ,

When A X , the fuzzy integral may also be denoted by  f dμ. When we write

A f dμ, it directly implies that A ∈ F and f ∈ F .

A f dμ X  －∞, ∞ , F 

B, μ f X → , ∞

A f dμ 

f x x－ 

1. Both F    and F are nonincreasing  with respect  to 

and F ⊇ F   when  < .

2. We have

－ 
F   － 

F F   ⊃ F F   F

Proof. , ∈  , ∞ < x ∈   F

<   f x {x/f x   }  ⊆  {x/f x   }



F ⊆ F F   ,  ∈ , ∞

 < x ∈  F   <   f x {x/f x  

} ⊆ {x/f x > } F   ⊆ F .

F   F

－ 

－ 

F   {x,  f x  } 
<

F   {x/f x > } 
<

<

{x/f x  }    
<

{x/f x > } 

{x/f x  } ⊇ {x/f x > } 

>

>

{x,  f x  } 

{x,  f x > }.

We have

－  f dμ   ∧ μ A ∩ F    
A ,

,

,

E F f 

 ∧ μ A ∩ F

 ∧ μ A ∩ F

f x ∧ μ A ∩ E  
x E

f x ∧ μ A ∩ E  
E F x E



t

where F f is the -algebra genrated by f , the smallest -algebra such that f

is measurable.

Proof.  ∞ F   F ∅   

－  f dμ  ∧ μ A ∩ F  ∧ μ A ∩ F .
A  , ,

,
 ∧ μ A ∩ F

,
 ∧ μ A ∩ F

x ,
 ∧ μ A ∩ F

x ,
 ∧ μ A ∩ F .

. . F ⊆  F A ∩ F ⊆  A ∩ F μ 

μ A ∩ F  μ A ∩ F  ∈ , ∞

x ,
 ∧ μ A ∩ F   

x ,
 ∧ μ A ∩ F .

c  > ,   ∈   , ∞   ∈    － c ∨    < 

F   ⊆  F t . . A ∩ F   ⊆ A ∩ F t μ A ∩ F  

μ A ∩ F t  ∧ μ A ∩ F  c ∧ μ A ∩ F t 

,
 ∧ μ A ∩ F   

,

  
t ,

 ∧ μ A ∩ F

 c   ∧ μ A ∩ F t 

 
t ,

,

 ∧ μ A ∩ F 

 ∧ μ A ∩ F 

c

c.



c 

,
 ∧ μ A ∩ F   

,
 ∧ μ A ∩ F .

,
 ∧ μ A ∩ F

,
 ∧ μ A ∩ F

－  f dμ f x ∧ μ A ∩ E f x ∧ μ A ∩ E .
A  E F f x E E F x E

 ∈ , ∞ x F   f x    F    ∈   F f 

 ∧ μ A ∩ F   
E F f x F f 

∧ μ A ∩ E .

f F F f ⊆ F 

f x ∧ μ A ∩ E   f x ∧ μ A ∩ E .
E F f x E E F x E

E ∈  F   x E f x E ⊆  F t 

μ A ∩ E  μ A ∩ F t μ

f x ∧ μ A ∩ E   ∧ μ A ∩ F      ∧ μ A ∩ F f dμ,
x E ,

E ∈ F 

f x ∧ μ A ∩ E  －  f dμ.
E F x E  A

A f dμ E F x E f x ∧ μ A ∩ E .



X, F , μ , f ∈ 
F A ∈ F 

T /  ∈ , ∞ , μ A ∩ F > μ A ∩ F   >    .

－  f dμ  ∧ μ A ∩ F  ∧ μ A ∩ F
A  , T

Consider the fuzzy measure  space given in Example . . . 
We recall that X {a, b, c}, F P X , F   {x/f x  },

E E {a, b} 
μ E

E {a, b}   for any E ∈ F

and

3 if x a

f x 2.5 if x b

2 if x c

We have A f dμ ∧ μ {a} ∨ μ {a, b} ∨ ∧ μ X ∨ . ∨ .

Let X , , F be the class of all Borel sets in X , μ m

where m is the Lebesgue measure and f x  x . We have

F   {x/f x  } , .



Since T , , we only need to consider  ∈ , . So we have

－  f dμ  ∧ μ F  ∧ － .
A  , , 

In this expression, － is a decreasing continuous  function of  when

 ∈  , .  Hence, the supremum will be attained at the point which is one of

the solutions of the equation  － . That is, at  , so  f dμ .A 

1. If μ A , then A f dμ for any f ∈ F .

2. If A f dμ , then μ A ∩ {x/f x > } .

3. If f  f , then A f dμ  A f dμ.

4. A f dμ  f Adμ , where A  is the characteristic function of A.

5. A adμ a ∧ μ A for any constant a ∈ , ∞ .

6. A f a dμ  A f dμ A adμ for any constant a ∈ , ∞

Proof. μ A

－  f dμ  ∧ μ A ∩ F  ∧ .
A  , , ,



n
.

μ A ∩ {x/f x > } c > 

A ∩ {x/f x   
n 
}    A ∩ {x/f x > }.

μ n μ A ∩ {x/f x  

c
n } c. c ∃n

μ A ∩ F  μ  A ∩ {x/f x  c
n
}   

－  f dμ  ∧ μ A ∩ F   
n

c∧  > .
A  ,

A f dμ 

f  f A f dμ  A f dμ

－  f dμ  ∧ μ A ∩ F ,
A  ,

－  f dμ  ∧ μ A ∩ F ,
A  ,

F {x/f x  } F {x/f x  }   f x  
  

f x F   ⊆ F A ∩ F   ⊆ A ∩ F

μ

μ A ∩ F  μ A ∩ F .



 ∧ μ A ∩ F   ∧ μ A ∩ F 

,
 ∧ μ A ∩ F     

,
 ∧ μ A ∩ F .

A f dμ  A f dμ

A f dμ  ∧ μ A ∩ F F   {x/f x  }. 

－ f. Adμ  ∧ μ X ∩ F ,

F {x/f. A x  } {x ∈  A/f x .  } F

A f dμ  f. Adμ

 adμ F   {x/f x  } {x/a  }

－  adμ  ∧ μ A ∩ F .
A  ,

F   ∅  X F  ∩ A ∅  A μ A ∩ F

μ A A adμ a ∧ μ A

－ f a dμ f x a ∧ μ A ∩ E
A  E F

 
E F

 
E F

E F

x E

f x ∧ μ A ∩ E  a ∧ μ A ∩ E
x E

f x ∧ μ A ∩ E  a ∧ μ A
x E

f x ∧ μ A ∩ E  a ∧ μ A
x E

－  f dμ －  adμ
A  A



1. If A ⊇ B, then A f dμ  B f dμ

2. A f ∨ f dμ  A f dμ ∨ A f dμ

3. A f ∧ f dμ  A f dμ ∧ A f dμ

4. A f dμ  A f dμ ∨ A f dμ

5. A f dμ  A f dμ ∧ A f dμ

Proof. B ⊆ A B ∩ F   ⊆ A ∩ F

μ B ∩ F  μ A ∩ F .

 ∧ μ B ∩ F   ∧ μ A ∩ F . 

,
 ∧ μ B ∩ F     

,
 ∧ μ A ∩ F .

B f dμ  A f dμ

{x/f x  } ⊆ {x/ f ∨ f x  } 

{x/f x  } ⊆ {x/ f ∨ f x  }.

A ∩ F ⊆ A ∩ F   A ∩ F ⊆ A ∩ F  

 ∧ μ A ∩ F   ∧ μ A ∩ F



 ∧ μ A ∩ F   ∧ μ A ∩ F .

A f dμ  A f ∨ f dμ A f dμ  A f ∨ f dμ

A f dμ ∨ A f dμ  A f ∨ f dμ

{x/ f ∧ f x  } ⊆ {x/f x  } 

{x/ f ∧ f x  } ⊆ {x/f x  }.

A ∩ F   ⊆ A ∩ F A ∩ F   ⊆ A ∩ F   

 ∧ μ A ∩ F   ∧ μ A ∩ F 

 ∧ μ A ∩ F   ∧ μ A ∩ F .

A f ∧ f dμ  A f dμ A f ∧ f dμ  A f dμ

A f ∧ f dμ  A f dμ ∧ A f dμ

A ⊆ A ∪ B B ⊆ A ∪ B A ∩ F   ⊆ A ∪ B ∩ F   

B ∩ F   ⊆ A ∪ B ∩ F

 ∧ μ A ∩ F   ∧ μ A ∪ B ∩ F

 ∧ μ B ∩ F   ∧ μ A ∪ B ∩ F .

A f dμ   A B f dμ B f dμ   A B f dμ A f dμ ∨ 

B f dμ  A B f dμ

A ∩  B  ⊆   A A ∩  B  ⊆   B A ∩  B ∩  F    ⊆   A ∩  F    



A ∩ B ∩ F   ⊆ B ∩ F

 ∧ μ A ∩ B ∩ F   ∧ μ A ∩ F

 ∧ μ A ∩ B ∩ F   ∧ μ B ∩ F .

A B f dμ  A f dμ A B f dμ  B f dμ A B f dμ  

A f dμ ∧ B f dμ.

－ f f dμ －  f dμ －  f dμ
A  A  A

－  af dμ a－  f dμ
A  A

Let X , and F be the class of all the Borel sets in X 

(namely B ∩ , and μ be the Lebesgue measure. We take f x x for any 

x ∈ X , and a . Then, we have

x
F   {x/f x  } {x/  } , .



Now,

x－ af dμ  －  dμ

,

,

 ∧ μ A ∩ F

 ∧ μ , 

 ∧ － 

－  if     

  if   < 

However,

a－ f dμ  － xdμ

 ∧ μ A ∩ F
,

,

,

 ∧ μ A ∩ , 

 ∧ － 

  if     

－   if     

Therefore,  af dμ a  f dμ.



A

Let A ∈ F , a ∈ , ∞ , f ∈ F and f ∈ F . If

|f － f |  a,

on A, then we have A f dμ － A f dμ   a

Proof. |f － f |  a －a  f － f  a f  f a A

, , . .

－  f dμ  － f a dμ  －  f dμ －  adμ －  f dμ a ∧ μ A  －  f dμ a
A  A  A  A  A  A

f  f a A 

－  f dμ  － f a dμ  －  f dμ －  adμ －  f dμ a ∧ μ A  －  f dμ a.
A  A  A  A  A  A

 f dμ － A f dμ  a

We have

－  f dμ   ∨ μ A ∩ F   ∨ μ A ∩ F ∀  ∈ , ∞
A

Proof. 

－  f dμ  ∧ μ A ∩ F 
t 

A  t ,

     ∨ 
t ,

     ∨ μ A ∩ F 

     ∨ μ A ∩ F

μ A ∩ F t 



We have A f dμ ∞  ⇐⇒  μ A ∩ F ∞, ∀  ∈ , ∞

Proof. ⇒ A f dμ ∞ . .  ∨ μ A ∩ F ∞

 ∈ , ∞ μ A ∩ F ∞

⇐ μ A ∩ F ∞ ∀  ∈ , ∞

－  f dμ  ∧ μ A ∩ F  ∧ ∞ ∞ 
A  , ,

For any  ∈ , ∞ , we have

1. A f dμ    ⇐⇒  μ A ∩ F    for any  <  ⇐ μ A ∩ F  

2. A f dμ <   ⇐⇒  ∃  <  such that μ A ∩ F  <  ⇒ μ A ∩ F <  ⇒ 

μ A ∩ F < 

3. A f dμ    ⇐⇒  μ A ∩ F   ⇐ μ A ∩ F  

4. A f dμ >   ⇐⇒  μ A ∩ F >  ⇒ μ A ∩ F > 

5. A f dμ   ⇐⇒ for any  < , μ A ∩  F       μ A ∩  F ⇐ 

μ A ∩ F

When μ A < ∞, we have

6. A f dμ    ⇐⇒  μ A ∩ F  

7. A f dμ   ⇐⇒  μ A ∩ F    μ A ∩ F



Proof.  ∈ , ∞ . μ A∩F   

  < 

－  f dμ  ∧ μ A ∩ F  
A ,

 
,

 
,

 ∧ μ A ∩ F  

 ∧ 

,

∃  <  μ A ∩ F  < 

A f dμ   ∨ μ A ∩ F  < 

－  f dμ    ⇐⇒  μ A ∩ F   ∀  < 
A

μ A ∩ F   ⇒ μ A ∩ F   ∀  < 

 < F   ⊆ F ⊆ F  A ∩ F   ⊆ A ∩ F   

μ A ∩ F   μ A ∩ F     μ A ∩ F   μ A ∩ F  

μ A ∩ F   ∀  < 

A f dμ <   ⇐⇒ 

∃  <  μ A ∩ F  < 

μ A ∩ F   ⇒ μ A ∩ F   ∀  < 

∃  <  μ A ∩ F  <  ⇒ μ A ∩ F < 

μ A ∩ F < μ A ∩ F < F ⊆  F



A ∩ F ⊆ A ∩ F   

μ A ∩ F  μ A ∩ F < .

μ A ∩ F < 

μ A ∩ F  

－  f dμ   ∨ μ A ∩ F .
A

μ A ∩ F >  ⇒ ∃ >  μ A ∩ F > 

－  f dμ  ∧ μ A ∩ F > .
A

μ A ∩  F   μ A ∩  F   

F ⊆ F A ∩ F ⊆ A ∩ F   

μ A ∩ F  μ A ∩ F  .

μ A ∩ F  .

－  f dμ >   ⇐⇒  μ A ∩ F > 
A

μ A ∩ F > μ A ∩ F > 

F ⊆ F A ∩ F ⊆ A ∩ F  < μ A ∩ F  μ A ∩ F



μ A ∩ F > 

－  f dμ   ⇐⇒  －  f dμ  
A  A

A f dμ   ⇒ ∀  < , μ A ∩ F    μ A ∩ F  

∀   < , μ A ∩  F      μ A ∩  F  μ A ∩  F   ⇐⇒ 

μ A ∩ F   μ A ∩ F  

－  f dμ    －  f dμ  .
A  A

μ A ∩ F  ⇒ A f dμ 

μ A < ∞

μ A ∩ F   ⇒ －  f dμ   ⇒ μ A ∩ F   , ∀  < 
A

⇒ －  f dμ  
A

A f dμ  ⇒  A f dμ    ⇒  μ A ∩  F   

A f dμ  ⇒ μ A ∩ F   

μ A ∩ F    μ A ∩ F .

μ A ∩ F   ⇒ A f dμ   

μ A ∩ F   ⇒ －  f dμ  ∧ μ A ∩ F   
A x , x ,



A f dμ   ⇐⇒  μ A ∩ F    μ A ∩ F

f f

a.e

Let X { , }  and F P X . We define

1 if E X
μ E

0 if E ∈/ X

f x
1 if x 

0 if x 

and f x .  Let E { },  we have μ E (E  X and f f on

X \ E. Therefore, f f a.e. Then,

－ f dμ 
x ,

 ∧ μ A ∩ F

F   {x/f x  } {x/  }  if x=1

{x/  }  if x=0



but  ∈ , ∞ , so, F   {x/  } , . We have

－  f dμ    ∧ μ A ∩ F
A x ,

x ,
 ∧ μ A ∩ , 

∧ μ { } ∨ ∧ μ { , }

∧ ∨ ∧ 

∧ 

Also, F   {x/f x  } {x/  } , , so

－ f dμ   
x ,

x ,

 ∧ μ A ∩ F

 ∧ μ A ∩ , 

∧ μ X ∩ , 

∧ μ X ∧ .

So,  f dμ  f dμ.

μ F → －∞, ∞ is null additive if and only if

μ E ∪ F μ E ,

whenever E ∈ F , F ∈ F , E ∩ F ∅   and μ F .



Assume that f f a.e . Then,

－ f dμ － f dμ  ⇐⇒  μ  is null-additive.

Proof. ⇐ μ μ {x/f x f x }

μ {x/f x  }

    μ {x/f x  } ∪ {x/f x f x }

μ {x/f x  } ,

 ∈ , ∞

μ {x/f x  }

    μ {x/f x  } ∪ {x/f x f x }

μ {x/f x  } .

μ {x/f x  } μ {x/f x  } ∀  ∈ , ∞

－ f dμ － f dμ

⇒ E ∈ F , F ∈ F μ F μ E ∞ 

μ μ E ∪ F ∞ μ E μ E < ∞

μ E ∪ F μ E μ E ∪ F > μ E  ∈ μ E , μ E ∪ F 



∪

f x
x ∈ E

x ∈/ E

f x
x ∈ E ∪ F

x ∈/ E ∪ F

μ {x/f x f x } μ F \ E  μ F f f a.e

 f dμ  f dμ

－ f dμ   
x ,

 ∧ μ A ∩ F

∧ μ E ∨ a ∧ μ E

∨ a ∧ μ E

a ∧ μ E μ E

－ f dμ   
x ,

 ∧ μ A ∩ F

∧ μ E F ∨ a ∧ μ E ∪ F 

∨ a ∧ μ E ∪ F 

a μ E

 f dμ  f dμ

If  μ is null-additive, then A f dμ  A f dμ  whenever

f f a.e on A.



n

Proof. f f A f . A  f . A  a.e

－ f Adμ － f Adμ.

A f dμ A f dμ

If μ is null additive, then for any f ∈ F , we have

－ 
A B

f dμ －  f dμ,
A

whenever A ∈ F , B ∈ F with μ B

Proof. f. A B  f. A  a.e A B f dμ A f dμ

Let {fn} ⊆ F and f ∈  F . We say that {fn}  fuzzy mean 

converges (f-mean converges) to f if and only if

－ |fn － f | dμ 



n  －

The f-mean convergence is equivalent to the convergence in

measure on fuzzy measure spaces.

Proof. f →u f c > , ∃n

c
μ {x/ |fn x － f x |   } < c,

n  n

－ | fn － f | dμ < c.

n  |fn － f | dμ {fn} f 

μfn  →－ f ∃c > ,  > {ni} 

μ {x/ |fni x － f x |  c}  c ∧  > ,

ni, i , , · · · {fn}  
f 

{fn}  ⊆  F \,.  

→ 



F n  n F

\,. F

n F

n F

F n  {x/fn x  } F n {x/fn x > }   

If fn  \,. f , then

n
  \,. 

 

n

F   F     and F ⊆ F \,. 
 

n

n

⊆ F .

Proof. fn  \,. f fn   f ∀x ∈ X 

x ∈ F ⇒ f x >  ⇒ fn x >  ⇒ x ∈ F n  .

F ⊆ F n fn  f ∀x ∈ X 

F {x/f x > }, F {x/f x > },

{F n } F n   n
n

x ∈    n ⇒ x ∈  F n , ∀n fn x > , ∀n f x   

f x ∈  F   n ⊆  F fn f 

fn   f, ∀x ∈ X

Let A ∈ F . If fn  \,. f on A and ∃n such that

μ  {x/fn x > －  f dμ} ∩ A  < ∞ 
A

or if fn f then

－  fndμ －  f dμ.
n  A  A

Proof. A X  f dμ c



n

ct

ct

n

fn  \,. f n μ {x/fn x > c} < ∞ c ∞

－ fndμ  － f dμ ∞.

c < ∞  fndμ  c 

n , , · · ·  

－ fndμ  c.

n  fndμ > c ∃c  > c n  fndμ > c 

－ fndμ > c ,

n μ F n > c n

∃n

μ F n μ {x/fn x  c }  μ {x/fn x > c} < ∞,

μ

μ Fc n μ Fc
n  c  f dμ  c  > c

 f dμ c

－ fndμ c － f dμ.

fn f 



Let A ∈   F .  If  fn   \,.  f on A, then ∃n and a constant

c  A f dμ such that μ {x/fn > c ∩ A} < ∞ .Then A fndμ \,. A f dμ.

If fn  \,. f and μ is finite, then A fndμ \,. A f dμ.

Let μ be null additive.

1. If fn  \,. f a.e and ∃n and a constant  c   f dμ such that

μ {x/fn x > c} < ∞,

then  fndμ \,.  f dμ.

2. If fn f a.e, then  fndμ  f dμ

Let A ∈ F . If f x n fn x , ∀x ∈ A, then

－  f dμ  －  fndμ.
A  n  A

Proof. gn x i n fi x ∀x ∈ A gn  f A

－ gndμ －  f dμ.
n  A  A

gn   fn  A A gndμ  A fndμ n A gndμ  

n A fndμ

－  f dμ  －  fndμ.
A  n  A



i n fi gn  i n fi hn  gn n , , · · ·

n

{fn}  
∃n /μ {x/fn x > A f dμ} ∩  A < ∞ 

Let X , ∞ and F be the class of all Borel sets that are

in X  F B ∩ X , and μ be the Lebesgue measure. Take fn x  x for any

x ∈  X  and any n , , · · ·  , then fn  \,. f ≡ . Such a measurable function

sequence {fn}  does not satisfy the condition given in Theorem 3.3.2. In fact,

we have

μ  {x/fn x > － dμ} μ {x/fn x > } μ X ∞ 

for any n , , · · · .  Consequently,  fndμ  ∞ for any n , , · · ·  but

 f dμ . That is, n  fndμ  f dμ

Let A ∈  F .

If fn  → f on A, and ∃n and a constant  c  A f dμ such that

μ  {x/ fn  > c} ∩ A  < ∞,
n n

then A fndμ → A f dμ.

Proof. A X hn   



a.e

hn  \,. f gn  f gn   fn   hn

－ gndμ  － fndμ  － hndμ,

－ gndμ  － fndμ  － hndμ.
n  n  n

μ {x/hn x > c} < ∞ c    f dμ

－ gndμ － hndμ － f dμ.
n  n

A fndμ →  f dμ

a.e 

We have A fndμ  → 

A f dμ whenever A ∈  F , fn  －→ f on A and ∃n and a constant c   A f dμ

such that

μ {x/ fn x > c} ∩ A < ∞ 
n n

if and only if μ is null additive .

Proof. μ 

 f dμ   f dμ  f f a.e  fndμ  → 



i n fi gn  i n fi hn  gn n , , · · ·

ae
A f dμ A ∈ F , fn  －→ A ∃n c  A f dμ 
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n  －→

∪ \

μ {x/ fn x > c} ∩  A < ∞  f dμ   f dμ μ 

Let μ be finite and subadditive. If f a.e   f , then we have

 fndμ →  f dμ.

Let X , ∞ , F B ∩ X , and μ be the Lebesgue mea-

sure. Consider

fn x
1 if x > n

0 if x ∈ , n

Then, fn  \,.  f ≡  .  Note that   fn x   for any x ∈  X  and any n 

, , · · ·  and  dμ < ∞.  In our case, however,   fndμ n , , · · · 

and  f dμ .  Consequently,  we have n  fndμ   f dμ .  So, in this 
example the function sequence {fn}  does not satisfy the finiteness condition

on μ given in Theorem 3.3.2.

μ F → －∞, ∞ is autocontinuous from above (or from 

below) if and only if

μ E  Fn μ E
n

or μ E  Fn μ E ,
n

whenever E ∈  F , Fn  ∈  F , E ∩ Fn  ∅   orFn  ⊆ E, respectively , n , , · · · 
and n μ Fn .  We say that μ is ⇐⇒ it  is both

autocontinuous from above and autocotinuous from below .

[ ]  We have  fndμ → 
μ

A f dμ whenever A ∈  F , {fn} ⊆ F, f ∈  F and fn  →－ 
is autocontinuous.

f on A if and only if μ



c  

Proof. ⇐ A X μ 
μfn   →－ f c   f dμ c  < ∞

c > 

μ Fc    c μ Fc   c.

F n μ⊆ Fc   ∪ {x/ |fn x － f x |  c} fn  →－ f 

μ {x/ |fn x － f x |  c} → .

μ  Fc   ∪ {x/ |fn x － f x |  c} → μ Fc  .

∃n

μ Fc   

    μ Fc   ∪ {x/ |fn － f x |  c}

    μ Fc  c  c c  c c,

n  n

－ fndμ  c c

n   n
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F n

F n

n  －

N

c > c ∈ ,  c 

c ⊃ Fc   － {x/ |fn x － f x |  c}.

μfn  →－ f μ ∃n

μ Fc  μ Fc  － c  c － c,

n  n n  fndμ  fndμ → c c ∞

μ F ∞ N > 

N  ⊃ FN － {x/ |fn x － f x |  }.

f →u f μ ∃n

μ F n  μ FN － {x/ |fn x － f x |  }  N,

n   n  fndμ   N 

n  n  fndμ → ∞ c

⇒ B ∈ F {Bn} ⊆ F μ B → 

μ B ∩ Bn → μ B μ

μ B < ∞ a > μ B

x ∈ B
f x

x ∈/ B



fn x
x ∈ B ∪ B

x ∈/ B ∪ Bn

n , , · · · c > 

{x/ | fn x － f x |  c} ⊆ Bn,

μn , , · · · fn  →－ f 

 fndμ →  f dμ

－ fndμ a ∧ μ B ∪ Bn ,

 f dμ a ∧ μ B μ B

μ B ∪ Bn → μ B .

μ 

We have

－ fndμ → － f dμ,

whenever {fn} ⊆ F, f ∈ F and {fn}  f-mean converges to f if and only if μ is 

autocontinuous.

Let X { , , · · · }, C P X and

μ E E
i E

i,
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∀E  ∈ C .  First,  μ is not continuous from above .  Take f x { } x and

fn x { ,n} x for x ∈  X  and n , , · · · . Then, for any given   c ∈ , ,

we have

μ {x/ fn x － f x  c} μ {n} n → .

μNamely fn  →－ f.  But  f dμ and  fndμ for any n , , · · · .  So,

 fndμ does not tend to  f dμ.

Let X, F , μ be a fuzzy measure space, f ∈ F. We call f

a fuzzy integrable w.r.t μ if and only if  f dμ < ∞.

L μ {f /f ∈ F, f μ}

μLet A ∈  F , μ be uniformly autocontinuous.  If fn  →－ 
A, then

1. A f dμ ∞  ⇐⇒  ∃n such that A fndμ ∞ for any n  n

2. A f dμ < ∞  ⇐⇒  ∃n such that A fndμ < ∞ for any n  n

When A X , we can rewrite the above propositions  as

1. f ∈/ L μ ⇐⇒  ∃n such that fn  ∈/ L μ for any n  n

2. f ∈ L μ ⇐⇒  ∃n such that fn  ∈ L μ for any n  n

Proof. A X 

f on

⇐
μfn  →－ f  fndμ →  f dμ ∃n



F n

u

 fndμ ∞ n  n  f dμ ∞

⇒  f dμ ∞

μ X ∩ F μ F ∞,

∀  ∈ , ∞  μ F ∞  ∈ 
μ, ∞ fn  →－ f μ ∃n

μ F － {x/ |fn x － f x |  } ∞,

 ∈ , ∞ n  n

  ⊃ F － {x/ |fn x － f x |  } 

 ∈ , ∞

μ F n  μ F － {x/ |fn x － f x |  } ∞,

 ∈ , ∞ n  n .  fndμ ∞ 

n  n .

⇐ 

⇒  fndμ →  f dμ < ∞ 

fn   →－ f A {fn}  f A
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Let A  ∈   F .   If
μfn  →－ f on A, then

－  fndμ → －  f dμ
A  A

μProof. c > fn  →－ f A, ∃n

fn － f  c,

A n  n

－  fndμ － －  f dμ  c,
A  A

n  n A fndμ → A f dμ

A f dμ 

X, F , μ  gdm

, ∞ , B , m B

, ∞ m 

For any A ∈ F .Then,

－  f dμ － μ A ∩ F dm,
A

where F   {x/f x  } and m is the Lebesgue measure.



Proof. g μ A ∩ F g

 ∈ , ∞

B  {E/ E , E ∈ B }.

{B /  ∈ , ∞ }  B
E B

m E . 

－ μ A ∩ F dm

－ g dm

g ∧ m E
E B E

g ∧ m E .
, E B   E

g g  E g  g E ∈ B

g － g

－ μ A ∩ F dm    
,

,

g ∧   
E B

g ∧ 

m E

,
 ∧ μ A ∩ F

－  f dμ
A
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c > 

－ μ A ∩ F dm    
,

,

g ∧   
E B

g ∧ 

m E

 
,

 

 ∧ g ∨ c

 ∧ g  － c ∨ c
in ,

 
  ,

  ,

 － c ∧ g  － c c

 － c ∧ μ A ∩ F   c

－  f dμ c
A

c →  μ A ∩ F dm A f dμ

Let X, F , μ be a fuzzy measure space, f ∈  F .  Then, the 

set function v defined by

v A －  f dμ,
A

for any A ∈ F is a lower semi-continuous  fuzzy measure on X, F . Further- 

more, if μ is finite, then v is a finite fuzzy measure on X, F 

Proof. v ∅ , v 



v {En} 
F , En  E ∈ F 

f. En f. E .

v En － f dμ － f. En dμ － f. E dμ －  f dμ v E
n  n  En 

n  E

μ 

{En} F En  \,.  E ∈  F f. En   \,.  f. E  

n v En v E v 

v v 

v X － f dμ  μ X < ∞.

v 

Let X , ∞ and F be the class of all Borel sets in , ∞

and μ be  the Lebesgue  measure. Define the function f by f x for all

x ∈ X . Taking En  n, ∞ , n , , · · ·  , we have En  \,. ∅   and

v En － 
En

f x dx － 
,

dμ ,

for n , , · · · .  But v ∅  f x dμ .  So, v is not continuous from
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above.
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{A, B, C, ...J } 
C , C , C , C , C

C C

C

C C



X {C , C , C , C , C }
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g {C } . , g {C } . , g {C } . , g {C } . , g {C } . ,

 

 

  ∈   － , ∞   g  

C , C , C , C , C  － . ∈ 

－ , ∞

g {C , C } g {C } g {C } g {C } g {C }

. . － . . . . .



C , C C , C

C , C

C , C , C

C , C , C , C

C , C , C , C
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i－ f dg  f c ∧ g Ai ,
i n

f c C . , f c C . , f c C . , f c C . , f c C . .

－ f dg  f c ∧ g {c , c , c , c , c } , f c ∧ g {c , c , c , c } ,

f c ∧ g {c , c , c } , f c ∧ g {c , c } , f c ∧ g {c }

. ∧ , . ∧ . , . ∧ . , . ∧ . , . ∧ .

. , . , . , . , .

.
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