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In the realm of mathematics, the evaluation of integrals plays a
crucial role in various fields such as physics, engineering, and eco-
nomics. Integrals represent the accumulation of quantities over a
continuous range and are essential for understanding the behavior
of functions and solving complex problems. Over the years, math-
ematicians and researchers have developed numerous techniques to
evaluate integrals efficiently and accurately. This thesis consists of

two parts. In the first part, we present some binomial identities,



special numbers and polynomials as well as basic formulas related
to Euler’s transformation of series, Handamard’s series multipli-
cation theorem and several transformation formulas with example
and applications. These theoretical tools will be used to gain a bet-
ter understanding of the second part of this thesis which explores
two different techniques for evaluating integrals. The first tech-
nique uses a special formula to transform integrals to series. The
resulting series involves binomial transforms with the Taylor coef-
ficients of the integral. The second technique is by differentiation

with respect to a parameter.
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Chapter 1

Mathematical Preliminaries

In this chapter, we recall basic definitions of binomial transforms. For more

details, we refer to [1].

1.1 Some Binomial Identities

The binomial coefficients formula is given by

p(p—1)--(p—k+1) E>0

(01

0 k<0,

where p does not need to be an integer.

Definition 1.1.1. Let {ax}r be a sequence where k =0,1,2,---. Its binomial
transform is the new sequence {b,}, where n = 0,1,2 --- generated by the
formula:

b, = (Z) a (1.1.1)
k=0



Proposition 1.1.2. Let {a;} be a sequence where k = 0,1,2,---, and denote

by {bn}n Its binomial transform. The inversion of {b,}, is given by

a, = kz:; (Z) (—=1)"*by, (1.1.2)

which can also be written as,

Proof. We have by, = Z?:o (*)a;, then,

J

R

k=0

where we used the convolution identity

2": (Z) (?) (=1 = (=1)6y; (1.1.3)

k=j
with ¢, being the Kronecker symbol. O

Proposition 1.1.3. Let {b;} be the sequence defined by:

b= (Z) (—1)*ay,. (1.1.4)



We have:

bny1 — agp “~ (n k41 Qk+1
_— = —1 —_— 1.1.5
n+1 (k)( ) kE+1 ( )
k=0
Proof. We have
n+1
n+1
bpy1 = ( 1 )(_1>kak
k=0
n+1 TL—|—1
— ( I )(—1)kak—|—a0
k=1
- 1
bpp1 —ay = 2(7:1)(—1)”1@“ cwhere | =k —1
1=0
“n+1/(n n+1 n+1/n
bopr =0 = ) I+1 (l)(_l)mal“ ;where(ljtl) ES! (l)

—

3 |

[e=]

bpi1 — ag n 1+1 41
L — —1)'t
n+1 (Z)( ) l

N
Il
=)

Remark 1. If the sequence {a;} is indexed from k = 1,2,..., we can
assume that ag = 0 and use the same previous formulas. In this case, we

also have by = 0.

2. The inversion formula of (1.1.4) is given by

=Y (Z) (—1)"by (1.1.6)

k=0

Here the factor (—1)* can be replaced by (—1)*"!. In fact, the inversion



formula (1.1.6) follows from (1.1.2) as we can write

e =3 (7)o

k=0

The binomial transform naturally appear in the theory of finite differences.

Definition 1.1.4. Let {ax}7°, be a sequence. Consider the forward difference
operator A defined by:

Ay = ap1 — ag.

It 1s easy to compute:

n

Arag =Y (Z) (=1) s,

k=0

n

and because of the well-known property (Z) = (nik

) this can be also written

B Aag =" (Z) (—1)"*q, (1.1.7)

or equivalently as,

(—1)"Amraq = i = (Z) (—1)*as (1.1.8)

k=0

Proposition 1.1.5. Another elementary property involves the transform of
the shifted sequence. If b, =", _, ax, then

n

Aby = byor — b= (Z) a1 forn>1 (1.1.9)

k=0



Proof.

n+1 n
n-+1 n
bpy1 — b, = E < L )ak— (k)ak

I
el 3
HM-F
o —

S

ES
—N
/N

S
= +

—_
N————

|
N
> 3
N————
——

after letting j =k — 1 m

" /n
Remark By iterating Ab,, = b,11 — b, ( )akﬂ , we get

n p
n
( k) Uy = AP, = (Z) (—1)PFby, iy (1.1.10)
0 0

k= k=
for every p > 0. It follows from (1.1.10) that if we have a recurrence relation
apio + Aapy1 + Ba, =0

where A and B are constants, then, it transforms into the difference equation

A%b,, + AAb,, + Bb,, =0



Proposition 1.1.6. If we iterate b, = (Z) a we find,
k=0
3 {Z (k)} I WERT (1.111)
n=0 \ k=0 k=0

Proof. This follows from the binomial coefficient property that is,

(:D (@ - @ (Z:Z) (1.112)

In fact, let any integer n > m and 0 < k < m. Then,

(:1) (TIZ) " omln— WZ;T;:(m — k)
nl(n — k)!

kl(n — k)!(m — k)!(n —m)!

- (65

]

Remark The iterated symmetric transformation (1.1.6) is the identity trans-

form. i.e. leads back to {ay}.

1.2 Special Numbers and Polynomials

Definition 1.2.1 (Stirling numbers of the first kind). A Stirling number of

first kind count how many ways to partition a set into cycle rather than subsets.

Definition 1.2.2 (Stirling numbers of the second kind). A Stirling number

of the second kind S(n; k) counts number of ways in which n distinguishable



objects can be partitioned into k distinguished subsets when each subset has to
contain at least one object.

We can count them by counting the number of onto functions from set A to

set B, where |A| =n and |B| =k

Definition 1.2.3 (Cycle). A cycle is a sort of ordered subsets. The order of
elements matters, but in a circular way. A cycle of size k is a way to place k
items evenly around a circle, where two cycles are considered the same if you

can rotate one into the other.

Example 1.2.4. [1;2;3] and [2; 3; 1] represent the same cycle, but [1;2;3] and

[1; 3; 2] represent different cycles.

Definition 1.2.5. The binomial transform can be recognized in many formulas

inwvolving classical numbers and polynomials. We have the representation,

Sy = LS (Z)(—m—kw (1.2.1)

or

(=D)"n!S(a;n) = 1:0 (k>(—1)kK“,

where Re(a) > 0 and S(a;n) are the Stirling functions, the generalized Stir-
ling numbers of the second kind. When o = m is a positive integer, S(m;n)
are the usual Stirling numbers of the second kind.

The Stirling number of the second kind can be defined by the generating func-

tion

xn

(1—=)(1 —22)...(1 — na) :;S(m?n)xm (1.2.2)




or by the exponential generating function
1
(e —1)" Z S(m;n) (1.2.3)

The Stirling number of the first kind S(n;k) are defined by the generating

function

z(x—1)..(z—n+1)= n'( ) Zs (n; k) (1.2.4)

Their exponential generating function is

(1n(1 + x))k _ i S(n, k) n (1_2‘5)

Definition 1.2.6. Many binomial transform formulas involve the harmonic

numbers and the generalized Harmonic numbers; for n= 0, 1, 2...

"1 "1
H,=S = HO=N"".1,=HY =0 1.2.6

Remark Here S is any complex number.

These numbers can be expressed in terms of the Digamma function ¥,

d
U(x) = @log ['(x) (1.2.7)
namely,
H,=V(n+1)+~ (1.2.8)

where, 7 = —U(1) is Euler’s constant.



It is good to mention that
1
H, =log(n)+~+ 6(5) (1.2.9)

When m > 2 is an integer

(=1

(m—1)! v (n 4 1) (1.2.10)

H{™ = ¢(m) +

Definition 1.2.7. The generating function of the harmonic numbers and the

generalized harmonic numbers are, correspondingly,

—In(1 —1t)
Y A 1.2.11
1—t — ( )
1 [e.9]
o (s)gm
L) n§:1 HO (1.2.12)

where Lig(t) is the polylogarithm function

Zl

Liy(t) = . (1.2.13)
k=1
We shall use also the skew-harmonic numbers

o (=1)k-1)
(=) s Hy =0, (1.2.14)

40 _ i H " (1.2.15)



Definition 1.2.8. The Bernoulli polynomials B,(x); n= 0, 1, 2... are very

important polynomials in analysis. They are defined by the generating function,

¢ xt e tn
=Y B, (1.2.16)

where B, = B,(0) are the Bernoulli numbers.

Definition 1.2.9. The Euler polynomials E,(x); n = 0, 1, 2,... are defined

by the generating function.

) xt o tn
=Y E@) (1.2.17)

with E,(0) =0 when, n = 2,4,6, ... and E,(1) = (—=1)"E,(0). we also have

2
E,(0) = — (1-2""E,

The Euler numbers are defined by

or by the generalized function

1 tm
N i 1.2.18
cosht Z n! ( )

Definition 1.2.10. The Genocchi polynomials are defined by the generating

function

2tert > n
= =) G,(x)= 1.2.19
2 Ol (1:2.19)



and G,, = G,(0) are the Genocchi numbers.

It is easy to see that

G, =2(1-2"B,

Note also that

Gn(z) =nE, 1(x)

Definition 1.2.11. The Euler-Bernoulli functions [3,(x; \) are defined by the

generating function

te:tt 0 tn
o > Bala N (1.2.20)
n=0 ’

When X\ = 1; 5, (x;1) = B,(x) are the Bernoulli polynomials
When A # 1 and x = 0; the function 5,(\) = £,(0; \) are rational functions.

Definition 1.2.12. The exponential polynomials ¢,(x);n = 0;1;2; ... are de-

fined by the generating function

(et = tn
n=>0

or by the characteristic property

(x%) N bn(z)e” (n=0:1;2;...) (1.2.21)

The coefficients of these polynomials are the Stirling numbers of the second

kind.
Gu(x) =Y S(n;k)z* (1.2.22)



The value at x = 1

on(1) =) S(n;k) (1.2.23)

are the well known Bell numbers.
Remark The Bell numbers count the possible partitions of a set.

Definition 1.2.13. The geometric polynomials wy, . (x) = 0,1,...;r7 > 0 where

Wno(T) = 0no ,are defined by the generating function

[1— $(it — 1) - anr($)i_n' (1.2.24)

or, by the property

§i<k+£—1)y%k=(1jxyww(1fx) (1.2.25)

k=0

They have the representation

Wor(T) = ﬁ kZ:O S(n; E)D(k +r)zF =Y S(n; k) (’“ +/Z ; 1) Kl (1.2.26)

k=0
Where r = 1 we write wy,1(x) = wy(x) so that,

wp(x) = zn:S(n; k)kla” (1.2.27)

k=0

Remark The numbers

we(1) = S(n;k)k!
k=0

are known in combinatorics as the preferential arrangement numbers.



When r = 1 we have from (1.2.25)

> 1 T
E kot = " 1.2.28
— ‘ 1z (1 — x) ( )

Definition 1.2.14. The Eulerian polynomials A, (x) are defined by the equa-
tion

= 1
Y KMt = ———— A () (1.2.29)

or by the generating function

Lo =34, (1.2.30)

1 — zeltlt—2)
n=0

The Eulerian polynomaials are related to the geometric polynomials by the equa-

wn( ‘ ): (A”(x) (1.2.31)

l1—x 1—x)n

tion (6)

Definition 1.2.15. The Cauchy numbers of first type ¢, and the Cauchy num-

bers of second type d, were defined as co = dy =1 and forn =1,2, ...

Cpn = /lx(:v—l)...(x—n+1)d:p (1.2.32)

dn:/lx(x+1)...(x+n— 1)dz (1.2.33)

They have exponential generating functions correspondingly,

o0



o0 ’VL

(1 —t) log (1—1t) Z (1.2.35)

n=0

The numbers (—1)"d, appeared in the works of Norlund (54) and known as
Norlund numbers.

From (1.2.4) , (1.2.32) and (1.2.33) we have correspondingly (22)

S k)
k=0
no/ 1\n—k .
g, = S DTS k) (1.2.37)
—~ kE+1

where S(n; k) are the Stirling numbers of the first kind 1.2.4.

Definition 1.2.16. The Fibonacci numbers F,, and the Lucas numbers L, ,

where n = 0,1,2, ... are defined by the generating functions

1 N
k=0
and correspondingly by,
I(t) = 2! —im’c (1.2.39)
Cl-t-p = -

Bt _ Pt o 4k
k=0
ot ot - tkL
e” +e¥ = wilw (1.2.41)



where ¢ = 3(1+V5);® = 5(1-v5) = 3

Definition 1.2.17. The classical Laguerre polynomials L,(x),n = 0,1, ... are

defined by Rodrigues formula.

Lo(z) = & (i)n(x"e_x) (1.2.42)

or by the generating function

1 xt
(%) _— n
1 te = ng_o L,(x)t (1.2.43)

These polynomials appear as a binomial transform

Ln(z) = i} (Z) (_]j)k (1.2.44)

Definition 1.2.18. The Hermite polynomial H,(x);n = 0;1;2;... can be de-

fined by the Rodrigues formula

H,(z) = (=1)"e" (i)ne—mQ (1.2.45)

o0 Hn
At =y ("”) " (1.2.46)
n.



Chapter 2

Euler’s Transformation of Series

2.1 Basic Formulas

The Binomial transform is closely related to Euler’s series transformation. We

refer in this chapter to [1].

Definition 2.1.1 (neighborhood of a point). An e-neighborhood of a point zy
in C is the set of all points z lying inside but not on circle centered at zy with

radius € . 1.e. in the disc
B(zp;€) = {z € C/|z — 20| <€}

Definition 2.1.2. A function f ia said to be analytic at a point zy if it is

differentiable at each point in some neighborhood of z; .

Proposition 2.1.3. Suppose we have a function f analytic in a neighborhood
of the origin

F&) =" apt" (2.1.1)

16



FEuler’s series transformation formula says that

1it (1—15) nzgtn{kzn;() } (2.1.2)

for |t| small enough.

Remark Euler’s formula can be used, among other things, to evaluate the

binomial transform

b, = (Z)ak n=012.. (2.1.3)
k=0

by computing the Taylor coefficients of the function on the left hand side in

(2.1.2) independently and comparing coefficient.

Example 2.1.4. If we have a convergent series
S:f(l) =ag+a;+az—+ ...

then with t = 3 in (2.1.2) we find




Proof. for t = %

Equation (2.1.2) becomes

f(z):zilg%<zjl>n{2n: (Z)“’“} (2.1.4)

k=0

It is good to mention an interesting formula resulting from (2.1.4) with .,z

appropriate parameters. We apply (2.1.4) to the function

n=0

and the resulting is the representation

fla) = gﬁ{ Y (Z) Z—zak} (2.1.5)



In fact, we have

f(z) = Z an 2"

n=0
then,
T = a,z" =
N n __ n
P =3 =
n=0 n=0

Now, let’s call f (ft) = g(t). Then, we have, g(z) = f (ﬁz) = f(x). Hence,

flo) = 9(2) = ili(ﬂ){Z

n=0 = <
(- 2 \" | <= /n\ apz*
B z—i—lnz%(z—{—l) {k:o(k) 2k }

Remark Notice that in this representation the variable (parameter) z appears

only on the right hand side.

2.2 A General Theorem and Several Transfor-
mation Formulas

Lemma 2.2.1. (Handamard’s series multiplication theorem,)

Given two power series, say, (2.1.1) ;

F&) =" apt"
k=0

and also a second one
o

g(t) => et (2.2.1)

k=0



We have the representation

Zancnz” = g(i)f(/\)% (2.2.2)

T om
Where L is an appropriate closed curve around the origin.

Theorem 2.2.2. The following representation holds

S eah(z)” {Z (Z) ak} - 7{ g (h@) (1 + ;)) f()\)% (2.2.3)

n=0 k=0

Where h(z) is an appropriate function for which the above expression is defined
and the integral is a Cauchy type integral on a closed curve around the origin,

as in (2.2.2).

Proof. We shall apply Cauchy’s integral formula for the coefficients of the
function f(t) from (2.1.1).

According to this formula we have for k = 0,1, ...

i (Z) a = %]{ (1 + ;) nf(A)d—; (2.2.4)

k=0

n

Multiplying both sides in this equation by c¢,h(z)" and summing for n we

obtain

S eh(2)” { " (Z) ak} o 7{9 (h(z) (1 " %» 3
]

Choosing g(t) and h(z) appropriately and combining this result by Han-



damard’s theorem we shall generate various series transformation formulas.

Here is the first ezample.

Corollary 2.2.3. let a be a complex number. Then the following representa-

tion holds.
(e S Qe {0

Proof. In Theorem 2.2.2 we choose:

e = o = (1= =3 () cresen = (2) -

n=0

A simple computation shows that,

oo 11 -




Now apply it in theorem 2.2.2, we get,

n

i(ﬂ){z@} = ey (-9 %

N

This representation yields to (2.2.5) in view of Handamard’s Theorem.

<_nl) = (—1)" (2.2.6)

and (2.2.5) becomes (2.1.4). O

When o« = —1 we have

Corollary 2.2.4. Let the sequence a,, be defined by

F6) =" at*
k=0

Then the following exponential version of Fuler’s series transformation for-

mula holds

o T (T B

A simple computation shows that,

) s



Now apply in Theorem 2.2.2; we get,

A0 Al 0 VA G Y e S PN
Z n! {Z (k) ak} omi J € ) A
n=0 k=0
e* : dA
- 2m'}'{‘”f@) )
Now from (2.2.2) we get
N a, , e *e? : dA
S = G WY
oo a/n . . oo Zn n
e
n=0 n=0 k=0

]

We can replace in (2.2.7) a, by 5= and z by Az (where X is a parameter)

to give the equation the more flexible form,

zn: (Z) )\”_kak} (2.2.8)

k=0

o o0 n
o
n! n!

n=0 " n=0

In the next two applications we use natural logarithm function. In all

expansions we assume that |z| is small enough to secure convergence.

Corollary 2.2.5. With
t)=> apt"
k=0

the following representation holds:

aglog(1 + 2) + Z—! g(zH)n%{ Y (Z)ak} (2.2.9)




Proof. In Theorem 2.2.2 we choose:

A simple computation shows that,

(1) (14

h(z)

z+1

z

;g(t)

) -

t" 1
—log(l—t)zzg;cn:—

[e.e]

n

n=0

Now apply in Theorem?2.2.2, we get,

(e 9]

2

n=0

1

gl

z
z+1

)

We know that,

n

2

k=0

log(z+1)

(

n

k

.

2mi

(log(z +1) —log <

log(z + 1) j{f
211

271

j{f d\ = aglog(z + 1)

1

1-Z2
A

V)

dA

VRS



We still have to prove that,

—1 AW
o 10%@7)7”—;?%

From (2.2.2) we get the above equality, where

7(3) = tes (1)

Hence,

2 > 2 \"1 [< /n
aolog(l—i-z)—i—zgczn:z:(ZJrl) E{ <l{:)ak}
n=1 k

n=1

In the next corollary we present an interesting identity involving harmonic

numbers.

Corollary 2.2.6. For every p with Rep > —1 we have

;(Hp+n—Hp)( . >anz —Hog(l—f—z)nz:%( N )anz"(2.2.10)

- s () () S (e

With {a,} an arbitrary sequence of coefficients as in (2.1.1).

Proof. We use the series expansion

(1— i)mﬂ In <1 i z) - i(ﬂmw — Hy) <m: n) 2"

n=0



Now let,

g(t) = M = Z(Hp—i-n — Hy) (p+ n) t"

_ +1
<1 t)p n=0 n

Where Rep > —1. As before take h(z) = pa}

g<h<z) (H%)) - g<z—7—1+(zjl)>\)

log(z + 1) —log (1 — %)

(1 — g z(z 4+ 1))\)p+1

log(z +1)  log(1—%)

( ez )p+1 ( Az )p+1
(z+1)A (z+1)A

B log(z + 1) log (1 —%)
o A—z\PH1 1 N A—z\ P+l 1
( A ) (z+1)p+1 ( by ) (z1)PF1

Y { log(z+1) _log(1-3) }

1-2"" (-2

Hence, the right hand side of (2.2.3) becomes

(14 2yl [ ( 1_12)1,“ PN flog(l—i) S

27 A 270 (1- %)pﬂ A

At this point we use the well-known binomial expansion

B0

n=0



So according to Handamard’s theorem the first term above becomes

(z 4+ 1)P M log(z 4+ 1)=—

= (z+ 1) log(z+1))

/
= (z+1>p“log(z+1>%. ]{ 3
(

= (24 1) log(z + 1) i (p ”) "a,

While the second term becomes

(=4 1y ]{ los (1 —3) /),

271 (1_§)p+1 A
SRR DU APER Al GO T
n

n=0

and the desire identity follows. In this case we use in (2.2.3) the coefficients

p+n
Cn = (Hp+n_Hp)< n )

The result in this corollary was used to evaluate in closed from the series
S PADN
Z(Hp—i-n - Hp)( n )n <
n=0

for any m > 0 and any p > 0.

When p = 0 then ¢, = H,, and we have the special case bellow. O



Corollary 2.2.7. With
) =) at*
k=0

the following transformation formula holds:

iHnanz” +log(1+2)/(2) = 5 i - io (z i 1)an {i (Z>ak§2.2.11)

n=0 n= k=0

For completeness we present here one more series transformation formula in-

volving two power series.

Proposition 2.2.8. Given two analytic functions f(t) and g(t) where

F&) =" apt"
k=0

and
g(t) = Z cit”
k=0

then the following representation is true

w9 (=) n
n=0 n=0
Proof. Multiplying both sides in (2.2.4) by

n!

and summing for n we get

n

SO S (o < L LU (L) 0

k=0



From the Taylor expansion of g (£) centered at (—t) we get

(e}

5 (+5) ()

N n_ 1 WA

which is the same as (2.2.2).

Hence,

]

Euler’s transformation works also for asymptotic series. Namely, we have

this result:

Corollary 2.2.9. Suppose the function

is analytic in a neighborhood of infinity (or is a formal power series). Then

F(A—1) = 2 N}H {En: (Z)ak}

k=0

Proof. Let A = 1, so t = + Now by substituting in (2.1.2) we get




Dividing both sides by A we get

)\ilf()\il) N §A:+l{k )“’“}
}

FA-1) = nio% {k <k)ak

N
> 3

3

1
An+1

Il
o

2.3 Examples and Applications

Example 2.3.1. In this example we show how the transformation formula
(2.2.8) can be used to prove some classical properties of Bernouilli polynomials
B, ().

In (2.2.8) we set a,, = B(x) so (2.2.8) become

= B,() L N A zel@+H)?
Az n n __ n—k _
Y T _Z_!{ (k))\ B’“(x)}_ et — 1

so that

|N

3

© . n (x+X)z . .n
n n—k . ze N Z_
2 '{ (k>A Bk(x)}_ DB ICRRY

n=0 k=0



By comparing coefficients we get the important identity

Zn: (n) By(2)A"™" = By(z + ) (2.3.1)

k
k=0

Where x and A are any two numbers.
It is known that B,(1) = (—=1)"B,(0) = (—=1)"B,,, where B,, are the Bernoulli
numbers.

With x = 0 in (2.8.1) we find the well-known representation

> (1) et = .y 232

k=0

and when A =1 we get

:0 (Z) By = (-1)"B,

Note that (2.53.1) can be written as binomial transform

i (:) Br(x)A™F = AT"B, (v + )

k=0

The above method can be used to compute the binomial transforms of sequences
of special numbers, or polynomials which have an exponential generating func-
tion.

For Euler’s polynomial E,(x) with generating function (1.2.17) and by using

(2.2.8) we compute in the same way

k
k=0

En: (n) Ey(2)A"™" = Ey(x +X) (2.3.3)



In the next example and also in several other places we shall use the lemma:

Lemma 2.3.2. Given the power series
f(t) =ag+ alt -+ a2t2 -+ ey

we have

= i {kZiO ak} £ (2.3.4)

n=0

Proof.

1 2 n
= (1+t+t*+ ...)(ao + alt + agt? + ...)

= ap+ (ag+a)t + (ag + a; + az)t* + ...

k=0

]

Example 2.3.3. We use know formula (2.1.2) to find the binomial transform

of the sequence

-1 n—1
an:¢ n=123..
n

The generating function of this sequence is

f(t) =log(1+1) :Z

n=1



and then

+

1 t 1 t
mf(m> = 1_t10g<1 m)
_ ! 1Og<L)

1—1 1—1
)

—log(1—t
1—-1

o0

n

1

1—tn:1n

According to Lemma (2.3.2) this equals
1+-—+...+—|t"= H,t"
(g )

Where H,, are the Harmonic numbers (1.2.6).
That is (2.1.2) yields to

"L\ (—1)k!
=H, 2.3.5
(1) =3 235)
k=1
Assuming that the summation starts from zero with ag = 0 we write
n -1 k—1
> () =
k k
k=0
and then applying (1.1.9) we find
1 - —1)
n+1 — \j)Jj+1
7=0
This is an example of a sequence —— invariant for the symmetric binomial

J+1



transform (1.1.3).

By inversion in (2.3.5) we have also

zn: (Z) (—1)"1H, = % (2.3.7)

k=1

Example 2.3.4. Integrating the representation

—log(1 —1t)
= H,t"
D
we get
log?(1—1t) <= H,
—_— = S—_—A 2.3.8
2 ; n+1 ( )

and then dividing by t both sides we find the generating function

log?(1—1) <= H,
—_— = t" 2.3.9
2t ; n+1 ( )

Replacing t by —t we obtain also

log?(1 +1t) i H, (=t

—2t —~n +1
log?(1 +1) = H,
— 1 ntn
—2t ; n + 1( )
log?(1 +1) = H, .
2t Z n + 1( )

We shall use now Euler’s series transformation (2.1.2) to compute the binomial



transform of

()
n+1

Qp = n

Applying (2.1.2) to the function in (2.53.9) we get,

1 (1t 1 log (1—1) a (—=1)F1H,
— [ ) loe? [ —— " X R
1—t(2t>0g (1—15) ; { O<) k+ 1

and computing this to (2.3.8) we conclude that

" (n\ (-1)*'H, H,
— 2.3.10
kZ:O (k) k+1 n+1 ( )

Remark Formula (2.1.2) can be put in a more flexible equivalent form

1—1)\tf (1_)¢) Zt”{i)( >>\” ku”‘ak} (2.3.11)

where \ and p are appropriate parameters.

Proof. To show the equivalence between (2.3.11) and (2.1.2) we first write

(5)- S

(2.1.1) in the form

and then apply (2.1.2) to this function as a function of ¢ to get

o (25) - S {2 (1) v




Lemma 2.3.5. For sufficiently small |t| the following representation holds

—log(l —at) & L, 1
_— = " —a“p" R o il I A 2.3.12
- ;<aﬁ +2ozﬁ + +na t (2.3.12)

Where o and 8 are small parameters.

Proof. From the expansion of the logarithm and lemma (2.3.2) we get the

representation

—log(l —at) & 1, L\ .,
T—Z Oé+§CY ++ECY t

n=1

Now replace t by St and then replace a8 by a we get

—log(1 — at - 1 1
“log{l—at) _ 3 (aﬁ”l +5a B ﬁa") m

1—pt —
[
Example 2.3.6. We show that for all X and p
n n el n—k
> (k>H AR R — (N 4 p)"H,, — % (2.3.13)
k=1 k=1
Proof. We apply the transformation formula (2.3.11) to the function
log
H,t"
T Z
to find
—1 log (1 r’%) —log(1 — (A +p)t) | log(1—\t)
— (2.3.14)
-t 11— I—(A+p)t L—(A+p)t



Which equals in view of (1.2.11) and the above lemma (with @ = X\ and

{; AR (A Zu)""“ } i

f =X+ pu). from (2.3.12)

—log(l —at) —log(l— At)

1—pt 1=+t

M

so (2.3.14),

—1 log(1— ) > NN (U W A
1— M 1—#—1tkt = 2 O F Wt HA" =) Z% t

1=\t n=1 n=1
At the same time (2.3.11) shows that (2.3.14) equals
o0 n n
ik H n—k k
SRIWERE:
n=0 k=1

and comparing coefficients in these power series we finish the proof.

With A = g =1 in (2.3.13), we find the companion to formula (2.3.7)

n

> (Z) Hy, = 2" (Hn - ; é) (2.3.15)

k=1

With A =1 in (2.3.13), we have

i (Z) Hyp® = (14 p)"H,, — Y % (2.3.16)

k=1 k=1

We apply to this equation the differential operator (,u%) to get

Z (Z) Hyp" k™ = olm,n, pu)H, — Z am, nk— k) (2.3.17)



Where

a(m,n, p) = (udi)m (14 p)" = :0 (Z) kit
kZ( >kSm Bk (1 + )"

The second equality here follows from the obvious fact that

—_— pu— km
(Mdu) . :

The third equality comes from the representation

i (Z) k= i (Z) RIS (m, k) (1 + )

k=0 k=0

(2.3.18)

(2.3.19)

]

Example 2.3.7. We show here an interesting application of corollary (2.1.4)

to series with central binomial coefficients. The central binomial coefficients

are defined by

(x) =5



and then we set o = =L 4

5 in corollary (2.1.4) so that formula (2.2.4) turns into

> ()i = (1) 41(2n>{z(z)}

k=0

Substituting now by z = 4x we get

=, /2n 1 > T " on " /n
p = — — 2.3.20
> (e = s (5) (S (e om
Setting here

a, = (—1)"'H,

and using equation (2.5.6) we find

2(2:)( T e _\/WZ<49[;+1>”(2”>l (2.3.21)

Now we reach for the well-known expansion

Z<2:>n_21 (—1_W>:21n< 2

> m) (2.3.22)

which we use to evaluate in closed from the right side in (2.8.21). Applying
(2.3.22) with

We find after simple computations

g (2:) (=)™ Hpa" = \/%H In (ﬂ%) (2.3.23)



Remark

oy = (2”’) (2.3.24)

are the Catalan numbers.

Example 2.3.8. In this example we present one application of formula (2.2.12)
from proposition (2.2.4) to series with Hermite polynomials. Changingt to —t

and ay to (—1)*ay in that formula we write it here in the form

z%ancnt :Z—( )ng‘ ()t {

n=0

zn: (Z) (—1)kak} (2.3.25)

Recall now that the Hermite polynomials H,(x) satisfy the Rodrigues equation

Hy(z) = (~1)"e” (%)



and their generating function is

n!

e2:pt7t2 _ i Hn(x) m
n=0

Corollary 2.3.9. The following series transformation formula holds

Zaan(x)g 2 S (L) H (1 — t)i—’: {Z (Z) (-1)’fak}(2.3.26)

for any sequence of coefficients {a,}.

Proof. We use equation (2.3.25) with g(t) = €% and ¢, = HZ(,QC) so (2.3.25)

becomes
C (ZnH (33) n __ - (_1)n d " 2at—t2 n . n
; nl _; o \at) ! 2 \k (=1)"a

From the Rodrigues formula we find

d\" 2at—t2 d\" 22 —(z—t)?
(@) = (@)

2 d\" 2 2 d " 2
— (=1 —(z—t) _ = (_1\n —(z—t)
e (=1) (dt) ‘ e (1) (d(:z: - t)) ‘

=" (=)= T H (x—t) = > PH,(z—1t)

That is,

(%) ’ g(t) = e H,(z — t)

and (2.3.26) follows now from (2.3.25). O



Next we consider the binomial transform identity

(—=1)"n!S(m,n) = zn: (Z) (—1)kkm

k=0

Where S(m,n) are the Stirling numbers of the second kind. This is the inver-
sion of (1.2.1), a well-known analytic representation of the numbers S(m,n).
Here m,n are any two non negative integers. We substitute ay, = k™ in (2.3.26)

to get the closed form evaluation

o0 k m
Sk H(0) s = S S(m,n) Ho(o — )t (2.3.27)
k=0 k' n=0

The series on the right hand side truncates because S(m,n) =0 for n > m.

Example 2.3.10. The Chebyshev polynomials of the first kind T, (z) and the
Chebyshev polynomials of the second kind U,(x) have exponential generating

functions correspondingly

iO:Tn(a:)ﬁ = " cos (tﬂ)

> t sin (tv1 — 22
ZUn—l(’x)m - eZt (/—1 ) )

Setting x = cos 0 we can rewrite these series in the form

o0 tTL
g teos? Z T, (cos 9)5 = cos (tsinf)
n=0

sin (¢ sin )

o0 tn
—tcosf
U,_ 0)— = -
¢ Z 1(cos >n! sin 0

n=0



Using now Euler’s series transformation (2.2.8) we have

ig {i <Z) (= cos 6)" T (cos e)} — cos(tsinf)

n=0 k=0

N i _ sin (tsin6)
;ﬁ{%() —cosf) Uk_l(cosé)} -

" ax (1 plk(cost) | _
;H {(—0059) 2 (k>(_1) W} = cos(tsin®)
1 N ) Ur—1(cos 0 sin(tsin 0
> ] {(— cos ) 2 (k)(_l) —(00(89>n )} _ iine )

Proof. Let z =t and A = —cosf in (3.13) we get

n=0 k=0
= cos(tsinb)

—tcos® - t" o > tn n n -
e HZ:OTn(COS‘g)m = ZE{Z <k><—0089) Tk(cose)}

sin(¢ sin 0) O

Same for -
sin 6

Comparing coefficients of both sides we obtain the binomial transforms

n n odd
(Z) <_1)k7gz5)(;05>i) _ 0 ( ) (2.3.28)
o \ (—=1)2(tan®)" (n even)
ST s o
k=0 (1) (n0dd)



Example 2.3.11. The following representation is true

-2 [ —t - 2, @)
i (1) = X )

Where Liy is the dilogarithm (1.2.13). We have

n 1tn

—L’LQ i

n=1

According to Euler’s transformation formula (2.1.1) we have

e () - e {2 () 5

and therefore,




Chapter 3

A Binomial Formula for

Evaluating Integrals

In this chapter we will refer to [2] to present a rule for evaluating integrals in

terms of series with binomial expressions.

Theorem 3.0.1. Let f(x) be a function defined and integrable on (—r, \| for
somer > 0,A > 0.

Let also f(x) be analytic in a neighborhood of the origin with Taylor series

f(x) =0 g ana™

Then we have

A 0 n+1 n 00 n+l n
A 1 A n\ ag
dx = b, = —
/Of(””” Zn0<>\+1) w14« Zno()\Jrl) k:O(k)kJrl

where the sequence b, is the binomial transform of the sequence a,.

£ (0

k=0

45



In particular, for A =1 we have

[ = [ e (75

by using Euler’s transformation formula

() B )2

k=0

where the sequence {b,} is the binomial transform of the sequence {a,} as
described above.

Expanding (1 —t)~" as geometric series and using Cauchy’s rule for multipli-



cation of two power series we write

%H 1 [e%) . %Hoo n . o) /\ n+1 1 n
/0 —(1_t>{;bnt}dt:/0 ;{;bk}tdt:;()\—ﬂ) ”*1;_obk

by the property

]

Differentiating in the theorem with respect to A we come to the following

result.

Corollary 3.0.2. Under the conditions of the theorem we have the represen-

tation

10 =52 (551) X

Now we give some applications of our theorem in form of examples

Example 3.0.3. In the first ezample we will evaluate the integral

> log(1 +1)
/0 wrn &

We start from the well-known series

ZH i log(l =)

1—-t

(Here H, =1+ % + ...+ %,HO = 0 are the harmonic numbers).



Now replacing t by —t and dividing both sides by t we get

—log(1 +1¢)
t(1+41)

k+1

k=n—1

log(1+t) .
iy - kZH“l(‘””

and take a;, = (—1)k Hyq.

i n\ ag " /n (—1)ka+1_ 1
—~\k)k+1 k) k+1 — (n+1)2

hence,

/Oologl—i—t i " () @ 1 s
o t(1+t — k+1 “=(n+1? 6

n=0 k

Example 3.0.4. Here, we will evaluate the difficult integral

/000 (1og(1t+t)>2dt

We will start from the well-known power series




Replacing t by —t and dividing both sides by t, we get

log®(1 +t) i H,(—t)"
—2t? “—~ i(n+1)
log*(1 + ) i (—1)"H,t"
—2t2 — n+1
log*(1 + 1) i (=) Hu i (=1)*Hj oot
—2t2 n+1 B k+2
n=1 k=0
So take aj = %
g k+ 2
i (n) ar_ i (n) (—1)*Hpyq
—~\k)k+1 c—~\k/ (k+1)(k+2)
_ a <n) (=1)"Hypa Zn: (n)
pr k k+1 — k
1 "L\ (=1)F <
= — Hy, +
(n+1)2 kzzo (k) k+2
We know that,
"L/ (—1)F 1 V' Hi
— H,+ —— ) = _—
;(ls)wrz( ’“+k:+1) Z() k+ 2
B n+ Hy, B 1
 (n+D)(n+2) n+2
H,—-1

It is easy to see that

o

n+1 n+2

(1)

(n+1)(n+2)

(=D*
(k+1)(k +2)

=1-1=0

Yo

n=0

n+2 Z (n+1)( n—|—2)



and we compute

> log®(1+1) - ()
— gt =
/0 212 2 k) k+1

oo 2 2
Finally,/ (M) ="
0 t 3

Example 3.0.5. Using some well-known generating functions we evaluate here

! t
[EnY
0 1+t

the integral

Liy(x) is the dilogarithm.

(lz| < 1)

E
Mg
3w|%%

We have,
t (=1 H
L = tl<1
So we take,
( 1)n71Hn



So

ar (—1)k_1Hk B (—1>k_1Hk B (—1)k_1Hk
k+1  k(k+1) k K+1

And using the two binomaial formulas

() e L e
Z(k)( Dl R

k=1

we have
- (n) @ - (n) (—=1)*1H, B - (n) (—=1)*1H,
— k) k+1 —~ k k — k k+1
_ g
" n+1

Here, H£2):1+2%+"~+%;Hé2):0

This way,

! t 1 =\ a
Lis | — | dt =
/0 Z2<1+t) 2 i . (k)k 1

n=0 k= +
_ i 1 ( @t )
AN O
0o Hﬁf) S Hn
R i e ey

These two series are easy to evaluate.



We have,

And we compute with x = %

! t
[ ()
0 14+t

<)
03

o
—~
[

N[

[\
X

~—
p—
]
o
no
~—
N |—=

ISIE




Chapter 4

Evaluation of Integrals by
Differentiation with Respect to

a Parameter

We review in this chapter a special technique for evaluating challenging inte-
grals by differentiating with respect to a parameter. This technique will be
illustrated by providing a number of examples from [3, 4], as well as presenting

new examples.

Example 4.0.1. In this example we will evaluate the following integral

o
sin
dx
0 T

In order to do so, we will introduce the function

FO\) :/ e 20T g A0
0 x

23



Now differentiate this function we get

F'(\) = —/ e~ sin vdw
0
—1

F'(\) = Y

(Laplace transform of the sine function).

Integrating back we find
F(\) = —arctan(\) + C

Setting A\ — oo yields the equation

7

T
0=—3+C:C=3

and therefore,

F(\) = / e e = T arctan A
0 x 2

Taking limits for A — 0 we find

Example 4.0.2. We will now evaluate the following integral

1
1
/ n(1+:1:)dx
0 1+Z’2



Consider the function

1
F()\):/de >0
0 1—|—I

Now differentiate this function we get

T

Py = /0 (ESOEE Dk

To evaluate this integral we will split the integrand into partial fractions.

x B A +Bx+C’
(14+Xx)(14+22)  1+Az 14 22
A+ Ax? + Br + B 22 + C + C)Ax

(1+ Az)(1 + 2?)

The coefficients satisfy

(

A+ B\=0
{B+CA=1
A+C=0

\

Hence, we have

1
B = ——
L+ A2
—A
4= e
A
C =




s0,

! - ! T ! A
F'(\) = d d d
) /0 SIS “/0 1221+ “/0 ESUEE
In(1+A) 1 1 T A
e SRV ) z
T MOt I e

Integrating back we find

AMn(1 + ) In2 T
F\)=— | ——Zdr+ —"arctan A + = In(1 + \?
(N /0 T2 x + 5 arctan —|—8n( + X9)

and setting A = 1 we get to the equation

2F (1) = %ln?.

That 1s,

1
1
/ n(l+z), _m
0 1+.’172 8

Example 4.0.3. We will now evaluate the following integral

© /1 _ e 2
/ < ¢ ) dx
0 X

Consider the function

2 /1 e Am\?
F()\):/ (—) dr = AIn4 ;A>0
0

T



Now differentiate this function with respect to \. We find

© /1= -z 0o —Ar _ —2\x
Foy =2 | (—) = [T
0 x 0 x

By using Frullani’s formula for the last equality (see below), we conclude that
F(X) is a linear function and since F'(0) = 0 we can write F(\) = Xln4. With
A =1 we find F(1) =In4.

Frullani’s formula says that for appropriate functions f(x) we have

——————dz = [f(0) = f(o0)]In~

T a

/°° flaz) — f(bz) b

Now we will introduce more general examples

Example 4.0.4. Consider the integral

T

© 1 cos A
F()\)_/ e Bo - BT 3> 0
0

Now differentiate this function we get

A

F'(\) = Prsin Apdr = ———
(N /Oe sin A\xdz N

Integrating back we find

FO) = % In()? + 8%) + C(8)



To compute C(B) we set X =0 and this gives C(8) = —3 In 2. Therefore,

o0 1 — cos \x 1 A2
—px _
/O (& - dx—51n<1+—ﬁ2>

Example 4.0.5. A symmetrical analog to the previous example is the integral

O 1 e M

F(\) = /0 —— cos fzdz

T

defined for A >0 and 8 # 0. The integral is divergent at infinity when [ = 0.

Now differentiate this function we get

A

Foy=[ e do = ———
(A) /Oe cos fxdx N

Integrating back we find

Xl—e 1 A2
F()\):/O Tecosﬂxdx:§ln<1+@>

so that for any A >0, >0

0] _ g © 1 _cosA
/ 2T cos Brdr = / g oSBTy,
0 0

T T

Note that the integral

o 67)\1 — e h
— COS Bﬁdl’
0

T

can be reduced to the above integral by writing



e —eTH = (e7A — 1) + (1 — e ") and splitting it in two integrals. Thus,

o0 e—)\:r: — e hT 1 ,LL2 + 62
/O TCOSﬁ$d$:§lnm

Example 4.0.6. Using the well-known Gaussian integral, also known as the

Euler-Poisson integral,
/ e dy = ﬁ
0 2

we can evaluate for A > 0 the integral

] _ gAa?

F(\) = /0 ——da.

Now differentiate this function we get

> 1 [ > NZ3
F'(\ :/ e dy = —/ eV /A = Y
2 0 VA Jo 2v/\

Integrating back we find

2

O] e M
0 x

Example 4.0.7. We can use partial derivatives as in the following integral.

Consider the function

—\x

F(\ ) = e Prcosqr —e COSUT
0 x

Here A > 0, p will be variables and p > 0, q will be fixed.



Then the partial derivatives will be

> A
Ex(A = A dr = ———
N, ) /0 e cos prdz = 15 -
_ . %
F,(A = Az der = ———
u(A 1) /0 e™""sin prdr = 5 e

Integrate back we find
1 2 2
FQ\p) = 5 (A" +47) + C(p.q),

where C(p,q) is unknown. The integral will be 0 when X = p and p = q, so

from the last equation we find C(p,q) = —In(p* + ¢*)/2. Therefore,

S A
T v 2np2+q2

/°° e P cos qr — e cos p 1. A2+ P
0

Example 4.0.8. Now consider the function

J(\) = /0°° 6_)\ggsin(aac)gpsin(bat) I

Now differentiate we get

JN) = — / e~ sin(ax) sin(bx)dx
0
- % {/ e cos(a + b)rdr — / e cos(a — b)a:dx}
0 0
IS S S
2 A4 (a+b)?2 A+ (a—b)2



Integrating with respect to A we get

7 :11 A2+ (a+0b)?

—= +C
4 n)\2+(a—b)2+

letting A — oo we get that C'= 0. Hence,

o : . 2 2
JO\) = / A sin(ax) sm(bx)d 1 | A+ (a+0b)
0

x ‘ 4n/\2—i-(a—b)2

Example 4.0.9. Using the previous example we can evaluate also

GOV = /Ooo e_msin(am)sin(bx)dx

12

where again a > b > 0.

Differentiate now with respect to A we get

G = — /Ooo ei/\xsin(ax) sin(bx)dx TN

X

and now integrating by parts,

(a—b)*

AL N4 (a—b)® 1 (a+ b)?
G<A)_ZIHA2+(a+b)2 _Z/(

and the integration becomes easy. The result is

N =21 ¢
G = g e T AT T

A AM+(a=0?2 a-0 A a+b

arctan

X+ (a—b)2 XNA4(a—b

a

7)

+0

dx



Letting A — oo we get that,

(a—b)r  (a+b)7

0 =20 — C
* 4 4
—7h
b
© =3
Hence,
A M+(a—0?2 a-b A a+b
G(\) = Zln Nt (atbe +— arctan — arctan

With A\ = 0 we get that

doe = —
2 v 2

/oo sin(az)sin(br) b

where (a>b>0).

Example 4.0.10. Consider the integral

GO\ = /OOO 6_A:Esin(a:lc) COS(bx)dx

X

Suppose a > b > 0. Differentiate now with respect to A we get

G'(\) = _/000 e sin(ax) cos(bx)da

a

A

+b

+7rb
2

-1 ) 0o
= 5 {/ e M sin(a + b)xdr + / e sin(a — b):z:dx}
0 0

1 a+b N a—2b
2 M+ (a+b)? N+ (a—1D)?




after integrating with respect to A,

-1 A A
G(/\)ZT{arctana+b+arctana_b}+0
Letting A — oo we get that,
1/
0= 5 (5+3)+C
-7
T
¢ =3

T

G(\) = /O oA sin(ax) Cos(bzv)dx = {arctan - i 7 + arctan - i b} + g

Setting b — a we find also

1
— arctan —.
2 2a

/ e_msm(ax) cos(bx)cw 7
0 x 4

Using the identity 2sin(ax) cos(ax) = sin(2ax) the integral can be reduced to

(4.0.1).

Example 4.0.11. Consider the integral

00 23
G(\) = / eesilar)
0

T



Differentiate now with respect to \,

G'(\) = _/o e sin®(ax)dx

1 [

- e—)\az(

2 Jo

-1 [= Az _: I -z :

ailiry e “*sin(ax)dx + 3 e " cos(2ax) sin(ax)dx
0 0

1 — cos 2az) sin axdx

-1 [~ 1 [
= — e sin(ax)dr + ~ / e (sin(3ax) — sin(azx)) dx
2 Jo 4 Jo
—1 > Az : 1 > —Ax : 1 > .
= — e “sin(ax)dr + - e sin(3az)dr — - sin(az)dx
2 Jo 4 Jo 4 Jo
-3 [ AT I AT
= — e “sin(ax)dr + - e " sin(3ax)dx
4 Jo 4 Jo

, =3 a 1 3a
¢ = 7 ()\2+a2)+4<>\2+9a2)

Integrate now with respect to X we get,

— A1 A
G(\) = e arctan ; + 1 arctan 3 +C

Letting A — oo we get that,

—3r 7
0 = —+—-—+C
8+8
—Tr
0 = —+C
4—1-

Hence,

/°° 7Msin3(ax)d -3 . A N 1 . A LT
e r = — arctan — + — arctan — + —
0 x 4 a 4 3a 4



With A = 0 we get that,

2

00 (i3
/ sin”(ax) dp —
0 x 4

Example 4.0.12. Consider the integral

J0) = /OOO efosiDQ(ax) sin(bx) sin(cx)dx

T

Differentiate now with respect to X we get,

J'(N)

Let

—/ e~ sin’(ax) sin(bx) sin(cx)da
0

o 1— 2
—/ e <M> sin bz sin cxdx
0

—1 o

2

2

[o.¢]
e sin b sin cxdr + — / e~ cos 2ax sin bz sin cxdz
0 0

1 & —\

— e sin bx sin cxdx

2
1

4
1

4

0
{/ e ™ cos(b + c)rdr — / e cos(b — c):vd:v}
0 0

(e wrim)




and let

J'(A)

B

N N

+
{)\ b+c) )\2—1—(2—0)2}

é( 2a—|—b—c) +)\2+(2a)\—b—|—c)2)
1

s (v

A
2a—|—b+c) )\2+(2a—b—c)2)

B = % / e~ cos 2ax sin bx sin cxda
0
1 o
= / e~ cos 2ax (cos(b — ¢)x — cos(b + ¢)z) dx
0
1 OO -z 1 OO —Az
=3 e~ cos 2ax cos(b — ¢)xdr — 1 e " cos 2ax cos(b + ¢)xdx
0 0
1 [e.9]
= 3 / e (cos(2a 4 b — ¢)x + cos(2a — b + ¢)z) dx
0
1 oo
~3 / e ™ (cos(2a + b+ ¢)z + cos(2a — b — ¢)x) dx
0
1 - -z 1 - —Az
= = e *cos(2a +b—c)rdr + = e " cos(2a — b+ c)rdr
8 Jo 8 Jo
1 [ 1 [~
—= / e cos(2a + b+ ¢)rdr — / e cos(2a — b — ¢)xdx
8 Jo 8 Jo
1 A N A B A B A
8\ N2+ (2a+b—¢)?2 N4+ (2a—b+c)2 N+ (2a+b+c)2 AN+ (2a—b—c)?
We have

)



Integrating now with respect to A we get

1 1 1
J\) = §1n|)\2+(b—|—c)2|—éln\)\2+(b—c)2]+E1n|)\2—|—(2a+b—0)2|

1 2 oy 1L 2 T 2 2
—|—161n|)\ + (2a — b+ ¢)7| 16111|)\ +(2a +b+ ) 161n|)\ + (2a —b—¢)7|

1. [ A2+ (b+c)? L [N+ Q2a+b—c)? 1 [N+ (2a—b+c)?

S o AN 7 DI 2
M=o | T N @arbror| 16 N (2a—b—0)

K
8 16 N

In

FEvaluating the constant of integration when X\ — oo we find that K = 0.

Therefore,
1 A2+ (b 2l 1 24+ (2 b—c)?| 1 24+ (2a—10 2
J(A):—IDM+—1H>\+(G+ c) +_n)\+(a +¢)
8 N4+ (b—c¢)?| 16 [N+ 2a+b+c)?| 16 [N+ (2a—b—c)?

Example 4.0.13. Using the previous example we can evaluate also

GO\ = /0°° e_msiHZ(aa:) sin(bx) sin(cyc)dgc7

12

where a > 0, b > 0 and ¢ > 0. Differentiate with respect to A we get

S . 9 . ]

G/()\) _ _/ €_>\x Sin (CL.CE) Sln(bx) Sln(cx) I
0 X

N+ (b—c)?

A2+ (b+c)?

a0 = —J(/\):éln

1
—In

16

1
—In
16

A2+ (2a + b+ c)?
A2+ (2a+b—c)?

A2+ (2a —b+c)?

)\2+(2a—b—c)2‘

Suppose

1

2 N2
Ilzgln A+ (b—c)

A2+ (b+ ¢)?

1

1 N+ (2a+ b+ c)?
16

A2+ (2a+b—c)?

1

AN+ (2a—b—c)?
y 43 — n
16

A2+ (2a — b+ ¢)?

i1y =

Integrating by parts each function.



> 1 N4 (b= o)
I = —In ——d)\
/0 ! /0 8 N1 (bt o)

Let
A+ (b—c)? 1
u n m d’U = gd)\
2M(b + ¢)? — 2\(b — ¢)? 1
du = d\ ==\
T DR b—o0) (Nt (bt 0P T8

Then, we have

/ I, = uv—/ vdu
0 0

B éln)\Q—l—(b—c)Z_l A ((b+c)?—(b—10c)?) "
SUNT ot cE d)y (FH (bR (R (b1 o)

_ A N beA?

N 81 )\2—0—(()—1—0)2 /0 ()\2+(b—c)2)()\2—|—(b—|—c)2)d>\

Using partial fraction decomposition, we obtain

be?
A2+ (b—0)?) (A2 + (b+ ¢)?)
AN+ B CA\+D
N1 (-0 Nt (btop
(AN+B) (X2 + (b+¢)*) 4+ (CA+ D) (N + (b—¢)?)
A2+ (b—0)2) (N2 + (b+ ¢)?)
AN+ AN+ )2+ BN+ B(b+¢)?> + CA3 + CA(b — ¢)* + DA* + D(b — ¢)*
(A4 (b—¢)?) (W + (b +¢)?)




We get

4

A+C =0
B+ D =be
Ab+ce)?+C0b—-c)?=0

B(b+c¢)*+D(b—c)?*=0

\

Then A= —C =0,D = 1(b+c¢)?, and B = Z-(b—c)?. We now have

/OOI _ iln)\2+(b—c)2+1/°° (b—c)? d)\_l/‘x’ (b+c)? i\
o ! 8 N4+(b+c)?  4)y X+ (b—c)? 40y X+ (b+c)?
A M+(b—-c)? b-c A b+c
= 1 tan —— — t k
8n/\2+(b+c)2+ 1 arcanb_c 1 arcanb+c+ 1
A AM+(b—c)? c—b A b+c A
= -1 t — t k
3 n)\2+(b+c)2+ 1 arcanc_b 1 arcanb+c+ 1

Letting A — oo to find the constant of integration, we get

() ()

—T
= —b+k
0 1 + K1
m
kjl:zb

Note that ¢ — b >0 and ¢+ b > 0. Hence,

+ arctan arctan + —=b

S8 N2+ (b+c)? 4 c—b 4 b+c 4

0o 2 _ )2 _
/]l_éln)\Jr(b ¢ c—b LY Ao
0



Let’s now integrate I5.

0 1. XN+ (2a+b+c)?
Iy = —1 d\
/0 ? /0 16n)\2—|—(2a—|—b—0)2

Let
A+ (2a + b+ c)? 1
"NT(2atb_cp =10
dy — 2M(2a +b —¢)? — 2\ (2a + b + ¢)? v—i/\
N2+ Ra+b+0)2) (A4 (2a+b—c)?) 16
We then have
/OOI A )\2+(2a+b+c)2_1/°° A2 ((2a + b —¢)* — (2a + b+ ¢)?) I\
o 2 16 N+ (2a+b—c? 8Jy N+ Qat+b+c)2) N2+ (2a+b—)?)
A n/\2+(2a—|—b+c)2_1/°° N (—8ac — 4bc) I\
16 X2+ (2a+b—c)?2 8Jy A2+ (2a+b+0)2) (N2 + (2a+b—c)?)
A )\2+(2a+b+6)2+1 > N (2ac + be) I\
B M4+ 2a+b—c)? 2J, NP+ 2a+b+0)?) (AN +(2a+b—c)?)
A )\2+(2a+b+0)2+/°° Nac I\
160 N2+ (2a+b—0)?  Jy M2+ (2a+b+0)?2) (N2 + (2a+b—c)?)

1 Abe
_|__

2/0 (A2 4+ (2a+ b+ ¢)?) (A2 + (2a—|—b—c)2)d)\

Using partial fraction decomposition for the first integral, we obtain

Aac
(A +(2a+b+¢)?) (N + (20 +b—¢)?)
AN+ B CAX+D
A2+ (2a+ b+ c)? +)\2+(2a+b—c)2
(AN+B) (A + (2a+b—10¢)?) + (CA+ D) (M + (2a+ b+ ¢)?)
N+ 2a+b+0)?) (AN + (2a+b—c)?)




