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Abstract of the Thesis
A Criterion For N- Rectifiable Sets

by

Monica Al Kadi

Master of Science
n

Mathematics

Notre Dame University-Louaize,

Zouk Mosbeh,
Lebanon

2019

Geometric measure theory was developed in the second half of the
20" century to manipulate the structure and regularity questions
in the calculus of variations. The main goal of this thesis is to
introduce the theory of ” rectifiability of sets”. Rectifiable sets are
considered smooth in a certain measure theoretic sense. Rectifiable
sets are basic concepts in geometric measure theory. Their theory
began with the study and determination of length, area or volume
of sets in Euclidean space. Rectifiable sets have many of the de-

sirable properties that smooth sets have. In this thesis, we will



discuss one of their most important features which is the existence
of what we call approximate tangent planes. In fact, we will show
that a set that has an n-dimensional approximate tangent plane at

almost every point is n-rectifiable.
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Notations

Lt The 1-dimensional Lebesgue measure
L The n-dimensional Lebesgue measure
flE f restricted to the set

a.e. almost everywhere

H? s-dimensional Hausdorff measure

(X, M, pn) Measure Space : X is the set, M is measurable set on X , p is

the measure on X

C! Compactly supported

L, Locally bounded variation

Lt Set of all y-summable functions

{0 > a} {x € R"* 0(z) > a}

B (x,r) {y € R", |x — y| <r} = closed ball with center x, radius r}
a(s) ﬁ (0<s <o)

a(n) volume of the unit ball in R”

XA characteristic function of the set A

f an extension of f

Lip(f) Lipschitz constant of f



Chapter 1

Introduction

In measure theory, the notion of n-rectifiable sets provides a measure theoretic
notion of smoothness for surfaces which are not smooth in the usual sense. In
fact, a set is rectifiable if it is basically a subset of a union of Lipschitz graphs.
By definition Lipschitz functions are functions that do not vary very much.

More formally,

Definition 1.0.1. |f (z) — f (y) | < Clz —y| for all x and y in R™ where C' is

a constant

Rademacher (see book [I]) proved that Lipschitz functions are differen-
tiable almost everywhere. For this reason it is known that Lipschitz functions
are a measure theoretic generalization of smooth functions, making rectifiable
sets a generalization of smooth surfaces. A standard example of 1-rectifiable

set in the plane is the graph of the function f(x) = |z|.



To be able to give the formal definition of rectifiable sets, we need the

notion of the Hausdorfl measure.

The Hausdorff measure is essentially the surface measure, in the sense that
it measures the n-dimensional volumes of an n- dimensional set that lives in a
higher dimensional space R"**. For example, if we have a 2-dimensional sur-
face living in R® , we need a measure that gives us the area of this surface even
if it is living in a very high dimensional space R®. Thus, the 1-dimensional
Hausdorff measure of a simple curve in R"** is equal to the length of the
curve, the 2- dimensional measure of a plane living in R*** is its area, and
the 3- dimensional measure of a solid living in R"** is its volume and so on.
This new measure is known as the Hausdorff measure and it was introduced
in 1918 by the mathematician Felix Hausdorff. Since rectifiable sets will be an
n- dimensional sets that live in the higher space R"**, the Hausdorff measure
is the correct tool to measure the volume of these sets.

We are now ready to give the formal definition of Hausdorff measure and then

rectifiable sets

Definition 1.0.2. 1. Let A C R***

Let us define

Ho (A) :inf{ia(n) (w)” AC ch ; diam C, ga}
7=1

j=1

|3

and where a(n) =

VIS | N
+

I(

1)’



2. For A C R"  let us define

H" (A) =lim H (A) =sup Hj (A).

6—0 5>0

We call H" an n-dimensional Hausdorff measure on R,

Definition 1.0.3. We say that M C R"** is countably n- rectifiable if

Mc M, (U fi(Ai)>

where H*(M,) = 0 and f; : Ay — R"* s Lipschitz and A; C R™ for

i=1,2---.

Rectifiability was first introduced by Bescovitch for 1-dimensional sets in
the plane. His work was extended by Federer to n- sets of R"*, with n an in-
teger. Finally, rectifiability was generalized by Mastrand to fractal sets (which
1s defined by Mandelbrot as a shape made of parts similar to the whole in some
way) in the plane whose Hausdorff dimension is any positive real number (see

book [2]).

From the definition of rectifiable sets, we notice that they are a natural and
convenient generalization of smooth n-dimensional surfaces. In fact, smooth
surfaces are described (locally) by smooth functions, whereas rectifiable sets are
described by Lipschitz functions, which as we said earlier are a generalization

of smooth functions. Thus, rectifiable sets are sets of extreme importance and



one comes to a very important and interesting question concerning them which

is how we can characterize rectifiable sets?

There is a wide variety of known geometric characterizations of rectifia-
bility. We shall state three of them which are given in terms of densities,

projections and approximate tangent planes (see book [3]).

One way of characterizing rectifiable sets is through density: Preiss’ The-
orem s one of the great landmarks of geometric measure theory. In fact, his
theorem states that a set is rectifiable if and only if the variation in its density

( relative to the Hausdorff measure) is controlled. More precisely,

Theorem 1.0.4. (see book [}])

Let E C R™* s a borel set with H"(E) < oo such that
B E
0" (z, E) = liminf w(B(z,r) O E)

r—0 n

> 0 for H"a.e x € E. Then the following

are equivalent:

(1)E is n — rectifiable.

2
dr

H* (B(z,r) N E) - H" (B(z,2r) N E) Y« forH'—aexckE.
r

rn (2r)"

(i) /0 1




Another characterization of rectifiable sets is through projection: In fact,
it is shown (see book [3]) a set A is n-rectifiable if and only if the image of
every subset B C A of positive H™- measure under a projection has a positive

H"-measure. i.e H"(P,(B)) > 0.

In this thesis, we will focus on the third known characterization of rectifiability
i terms of approximate tangent planes. The main importance of the class of
rectifiable sets is that it posesses many of the nice properties of the smooth sur-
faces which one is seeking to generalize. Although in general, tangent planes
may not exist for rectifiable sets, they do admit ( at H™ a.e of their points)
what we call an approximate tangent plane. Let us formally here define an

approximate tangent plane:

Definition 1.0.5. We say that n-dimensional subspace P(x) is the approzi-

mate tangent space of p at x if there exists 6(z) € (0,00) such that

lim/f ) dpion(y / Fy)dH (y) YV € CHR™™ R)(1.0.1)

A—0

where [, 5 be the measure given by

T+ ANA
pan(A) = %

In this thesis, we will show that having an approximate tangent plane at



almost every point is a sufficient criterion for a set to be n- rectifiable. More

precisely, we will prove the following theorem:

Theorem 1.0.6. Let i1 be a radon measure on R"*  x € R"* and \ > 0.

AA
Let 1,5 be the measure given by p, \(A) = % Suppose for p - a.e

x € R"™ there exists 0(x) € (0,00) and there exists an n - dimensional space

P(z) C R"™* such that holds. Let
M = {x € R""* such that (3.0.1) holds for some P and some 0}

Let § = 0 on R"™&\ M. Then 6 is H™ - measurable, and M is countably n-

rectifiable.

In order to establish the proof of this theorem, we need the following chap-
ters:
In chapter 1, we state some preliminary definitions and theorems: definition
of measures, Beppo-Levi, Dominated Convergence Theorem and Egoroff The-
orem.
In chapter 2, we define the notion of Hausdorff measure and state some of
its properties then we define Lipschitz functions and introduce their extension
theorem.
In chapter 3, we introduce the definition of countable n-rectifiable sets. Then,

we state two lemmas that will help us in proving our main theorem. We finish

the thesis by the proof of theorem |[5.0.55,



Chapter 2

Preliminaries

Let us begin by defining measures, Borel measures, and Radon Measures.

Definition 2.0.1. Let X be any set and 2% be the set of all subsets of X. A

mapping u : 2% — [0, 00| is called a measure on X. If:

1. pu(¢) =0

2. p(4) < ZM(Ak) whenever A C U Ag.

k=1 k=1

Definition 2.0.2. Let X be any set, u is a measure on X and A C X. We say
A is p - measurable if u(E) =p(ENA) +pu(EN A°)  VE € 2%

Definition 2.0.3. The Borel o - algebra of R™ is the smallest o- algebra of
R™ containing the open sets of R™. The sets that belong to the o- algebra are

called Borel sets.

Definition 2.0.4. A measure i on R™ is called Borel measure if every borel

set is p - measurable.



Definition 2.0.5. Let i be a measure on X. We say p is reqular if for each set

A C X, there exists a p- measurable set B, such that A C B and u(A) = u(B).

Definition 2.0.6. Let p be a measure on R™. We say p is Borel reqular if p
is a Borel measure and for each A C R"™, there exists a Borel set B such that

A C B and u(A) = pu(B).

Definition 2.0.7. Let ;1 be a measure on R™. We say that p is a radon measure

if w is a borel reqular measure and p(K) < oo for each compact K C R™.

Definition 2.0.8. A function f: X — R is said to be upper semi-continous

at x , if for each € > 0, there exists § > 0 such that |x — y| < § implies that

fly) < f(z) +e

Next, we recall some theorems from measure theory that we will use in this

thesis.

Theorem 2.0.9. Let i be a radon measure. Then, the function

f:x — u(B(z,r)) is upper semi- continues.

Theorem 2.0.10. Beppo-Levi ( see book [6])
Let (X, M, i) be a measure space. Let {f,} be a sequence of positive measur-

able functions then,

/2%@—2%@-

Theorem 2.0.11. Dominated Convergence Theorem ( see book [6])
Let (X, M, 1) be a measure space, f,{f.} be measurable functions and ¢ be

a positive function. If :



1. lim f, = f , pointwise.
n—oo
2. | ful < @ for alln.

3. /qbdu < oo, that is ¢ € L* (). Then,
iy [ 1f, = Sl =0
n—o0
and
lim | f,du= /fdu.
n—oo

Theorem 2.0.12. ( see Theorem 7 p: 13 in book [1])

Assume f: X — [0,00] be p - measumble. Then there exists pu -measurable

sets {Ar}rey in X such that f = Z )X A, -

k=1

Theorem 2.0.13. ( see Theorem 5 p: 5 in book [1])

Let o be a reqular measure on X. If Ay C Ay C Az--- C Ag--- then

lim p(Ay) = (U Ak>

Theorem 2.0.14. Let (X, M, u) be a measure space. Let f, g be positive

functions. If: f<g then [ fdu< [gdu

Theorem 2.0.15. Egoroff Theorem ( see Theorem 3 p:16 in book [1])
Let p be a measure on R™ and suppose fi, : R" — R™(k=1,2--+)

are 11 - measurable. Assume A C R™ is - measurable with p(A) < oo and



fe — gp - a.e on A. Then for each € > 0 there exists a p - measurable set

B C A such that :
1. u(A—=B) <e
2. fr — g uniformly on B as k — oo

Next, we define the Hausdorff Measure and state some of its properties.

Definition 2.0.16. 1. Let ACR", 0<s<o0o, 0<§ < o0.

Let us define

mf{ia (dmmC’) ACGCj;dmmC’jéé}

J=1 J=1

R |

and where o (s) =

F(s+1)

N |®

2. For ACR" and 0 < s < oo , let us define

H* (A) =lim Hj (A) = sup Hj (A).

We call H® an s-dimensional Hausdorff measure on R™.

Theorem 2.0.17. ( see Theorem 1 p:61 in book [1])

H* is a borel reqular measure.(0 < s < 00).
Finally,we define Lipschitz functions and introduce their extension theorem.

Definition 2.0.18. A function f : R™ — R™ 1is called a Lipschitz function
if there exists a constant C such that |f () — f (y) | < Clx — y| for all x and

y in R™.



Definition 2.0.19. Let f be a Lipschitz function. Define

z) = f ()l

Lz’p(f):sup{|f( ;x,yER”,fE#y}

We call Lip (f) the Lipschitz constant of the function f.

Theorem 2.0.20. Eztension of Lipschitz functions ( see Theorem 1 p:80 in
book [1])
Suppose f : A — R™ is a Lipschitz function where A C R™ |, then there exists

a Lipschitz function f : R™ — R™ such that :
1. f=f on A

2. Lip (f) < /m Lip(f).

Lemma 2.0.21. (See Theorem 6.9 p:95 in [7])
Let A C R™. If

p(B(z,r))

>t VreA,
r—0 ApT™

then, ct H"(A) < p(A)

where ¢ is a constant depending only on n.



Chapter 3

Rectifiable Sets

Recall that our main theorem gives a criterion for a set to be n-rectifiable. So
let us begin this section by introducing the definition of countably n-rectifiable

sets.

Definition 3.0.1. M C R"** s said to be countably n- rectifiable if M C

M, (U fi(R™) | where H"(M,) = 0 and f; : R® — R"™ is Lipschitz for
i=1

1 =1,2,--- Notice that by the extension theorem of Lipschitz Functions, it is

enough to have M C M, (U fZ(AZ)> where H™(M,) =0 and
i=1

fi Ay — R"F 4s Lipschitz, and A; CR" | fori=1,2,---

Definition 3.0.2. Let u be a Radon measure on R"*, and fir x € R** . We

say that n-dimensional subspace P(x) is the approzimate tangent space of u at

x if there exists 0(x) € (0,00) such that

i [ ) dnealy) = 060) [ f) M) VS € CHEER) (3.0

A—0

f
P(z)

13



where (i, 5 be the measure given by

T+ MA
Hor(A) = %

To prove our main theorem, we need the following two Lemmas.

Lemma 3.0.3. Let S C R"™ ¢ € (0,1), and § € (0,1). Let 0 € S. Assume
that there exists an n- plane L containing the origin, such that for every

p € 10,6] and for each x € SN B(0,0) , we have
SN B(z,p) C ep— neighborhood of (L+ x)N B(z,p) (3.0.2)

Then S N B(0, %) 1s contained in the graph of a Lipschitz function defined on

L , and is thus contained in a Lipschitz image of R™.

Proof. Let P, denote the projection onto the plane L. Fix x,y € SN B(0, %)
Let |y — x| = p < 4. So, y € SN B(x, p), which by (3.0.2)) ensures

[Priayt(y) —z| < ep (3.0.3)

= €|y — (3.0.4)

Now, if we translate by = and use the linearity of the projection map, (3.0.3])

becomes

|Pre(y — o) < ey — |



which becomes
|Pra(y) — Pro(e)| < ely —xf (3.0.5)
However, notice that
ly — x| = |Pr(y) + Pre(y) — (Pr(z) + Pro(z))] (3.0.6)
Thus, using the triangle inequality on and recalling , we get

ly—z| < |Puly) — Pu(x)| +[Pre(y) — Pro(z)]

< [Pr(y) — Pr(2)| + €ly — 2|
So,
[PL(y) — Pr(z)| > (1 —e)ly — x| (3.0.7)
Notice that shows that Py, is injective on S N B(0, g) So,
P Tsap0,2): 5 N B(0, g) — P(SN B(0, g))

is bijective.

Now, recall Vz,y € SN B(0, g), we have

x = (Pp(x), Pre(x)) = Prz) + Pro(z)



y=(Pr(y), Prr(y)) = Pr(y) + Pp.(y)
Define function
)

f:Pp (SQB(O,g)) — Lt such thatVx € SN B (O, §>

f(Pr(x)) = Py ()
Now, by , we have
|Pr(y) — Pr(z)| = (1 = )| (Pr(y), Pre(y)) — (Pr(z), Pre(z)) |

Squaring both sides, we get

[P(y) = Pr(@)* = (1= €)’|(Puly). Pre(y) — (Po(x), Pre(x)) [

So,

(1= (=) [Pe(y) = Pe(@)P = (1= &)’ f(Pr(y) — f(Pr(2))’



which makes

1—(1—¢)?

[f(PL(y)) — f(Pu(x))] < T2

|Pr(y) — Pp(7)]

So, f is Lipschitz function and S N B(0, %) C graph( f).
By Extension theorem for Lipschitz functions , we can extend f to a Lipschitz

function on L such that SN B(0,2) C graph( f).

Next , consider the rotation r that takes R™ to L. Set
h:=({dx f)or
Thus,
h:R" — R
and
SNB (O, g) C h(R")
We finish the proof by showing h is a Lipschitz function. Since

h(x) = h(y)] = [(r(2), f(rz) = (r(y), fr(y) |



Thus,

h(x) = h(y)l < (Lip(f) + D]z =y

Lemma 3.0.4. Let p be a Radon measure. Then the function

f:x— u(B(x,r)) is a borel function.

Proof. By Theorem [2.0.9, we know f : o — p(B(z,7)) is upper semi-

continous . To prove f is a borel function , we show

U=A{zx: f(z) <t}

is a borel set. However, we will show that U is an open set, and hence borel.
Take z, € U and € =t — f(x,). Since f is upper semi- continous, there exists

d such that if |y — x,| < 9, then

fly) < f(x,) + €

that is,

f(y)<f($o)+t_f(xo)

S0,



Hence, y € U and hence B(z,,d) C U.

This shows that U is open , and as mentioned borel. This finishes the proof. [J
We are now ready to prove our main theorem.

Theorem 3.0.5. Let j1 be a Radon measure on R"** | 2 € R"* and X\ > 0.

AA
Let .\ be the measure given by pi, \(A) = % Suppose for p - a.e

x € R"* there exists 0(x) € (0,00) and there exists an n - dimensional space

P(z) C R™* such that holds. Let
M = {zx € R™"* such that (3.0.1) holds for some P and some 0}
Let 0 = 0 on R"™ \ M. Then 0 is H" - measurable, and M is countably n-

rectifiable.

Proof. In this proof, B(0,1) will denote the closed unit ball and U(0,1) will
denote the open unit ball. We begin by assuming u(R™"*) < oo since other-

wise, we just replace it by p [p(o,r) -

We start the proof by showing that 6(z) is H"™ - measurable.

Claim # 1:

B
lim wB.p) =0(z), p—aexcR"F

p—0 O P

Proof of Claim # 1: First for f € C}H(R"* R), let us show that

ey (y - “””) = [ £0)dus (3.08)

rn r



(3.0.8)) is clear for f = x4 since in this case the right hand side of (3.0.8)) gives

us

/ Xa dpizr = o (A) (3.0.9)

and left hand side gives us

1 Yy—x 1
— [ xa ( ) diu = — [ Xerra(y)du
r r r

1

T z+rA

p(x +rA)

_ prrrs) (3.0.10)

,,an

and (3.0.9) and (3.0.10)) are equal by the definition of s, .
Now, for any positive function f, by Theorem [2.0.12] f can be written as

F=> %XAi
=1

and thus we have,

1 Yy—x
— XAZ-< . )dMZ / X, (y) dig

/r-TL

So,

11 Yy—x 1
-— XAi< . )du=;/x,4i(y)dum,r

1t



that is,

i[5

Using Beppo-Levi (see Theorem [2.0.10]) we get,

1 / =1 (y—a;
= [ 2 5xa
r i

which is exactly what we want. So we have (3.0.8)) for positive functions.

)du Z /XA ) .

=1
) dp = / D XA, (Y) dpas
=1

Finally, for f € C}R"** R) write f = f* — f~ where fT, f~ are positive

functions. Thus, we have,

w [ (S = [ rwde,

and

w [ (S = [ rwae,

Thus,

Tin f (y I) duz/f(y) Aptg,

which finishes the proof of (3.0.8).

Now, for every 0 < 6 < 1,let gs € C°(R™™ R), where 0 < gs < 1 and g5 = 1

on B(0,1) and 0 outside B(0,1+ §) and (lsirr(l) gs = XB(0,1) pointwise on R"*.
_)



Then, for all 0 < § < 1, we have

XB(0,1) < Js

Thus,by Theorem [2.0.14] we have

—x —x
/XB(U,l) <y7) dp < /96 (y P )d,u.

1
Multiplying by — and taking lim sup on both sides,we get
pTL

1 — 1 —
limsup — [ XB(o,1) (u) dp <limsup — [ gs (u> dp. (3.0.11)
p—0 p" 1Y p—0 pr P

For the left side of (3.0.11]), notice that

oo (155 ) = |
— [ XxBoo, dit = — | XBp)(y)dp 3.0.12
| xson (= o | s 2 () ( )

For the right hand side of (3.0.11)), notice that by (3.0.1]) and (3.0.8)), we have

1 -
—n/ga (y_) dp = «9(9:)/ 9s(y) dH™ (y) (3.0.13)
P P P(z)

Replacing (3.0.12) and (3.0.13)) in (3.0.11)) , we get

1 .
s o <o) [ty @01
P(z

p—0



Notice that (3.0.14]) is true VO < § < 1. Now,
5 _ o
S G5X P(a) XB(0,1) X P(z) POINtwise,
and
95X P(z) < XB(0,2)NP(x)>
and

/ dH"(y) < oo.
B(0,2)NP(x)

Thus, by Dominated Convergence Theorem ( see Theorem [2.0.11)) , we have

im [ s 0) = [ xmon) W (3.0.15)
020 P(z) P(x)

Thus, taking the limit as § — 0 in (3.0.14]) and using ((3.0.15)), we get

. 1 n
fimsup - [ X ()1 < 60) [ oo () 4H)
p—0 P P(z)
that is,
. B(z, n
s DL <) [ ) dne )
p—0 P P(z)

_— / aH"(y)
P(z)NB(0,1)

= 0(z)ay, (3.0.16)



Now, let g;_s € C°(R"* R), where 0 < ¢g;_s < land g;_s = 1 on B(0,1—0)
and 0 outside U(0, 1) and }sin(l) g1-5 = Xuv(0,1) pointwise on R **,
%

Then, for all 0 < § < 1, we have

XU(0,1) = g1-6

Thus, by Theorem [2.0.14) we have

-z -z
/XU(O,l) (y_) dp > /91—5 (y ) dp
p p

1
Multiplying by — and taking lim inf on both sides, we get
pn

1 — 1 —
liminf — [ xv@,1) (u) dp > liminf — [ g1 s (u) dp (3.0.17)
P P

p—0  p" p—0  p"

For the left hand side of (3.0.17)), notice that

1 / (y — x) 1 /
— [ Xuo, dp = — | Xvu,p)(y)du 3.0.18
o U(0,1) P o U( p)( ) ( )

For the right hand side of (3.0.17)), notice that by (3.0.1]) and (3.0.8)), we have

o ()=o) [ Lo arG) (3019

Replacing (3.0.18)) and (3.0.19) in (3.0.17), we get

fimint - [\ @dn 2 00) [ gsw)ae) (020

P20 p" P(x)



Notice that (3.0.20)) is true VO < § < 1. Now,
I B _ .
A §1—5 X P(x) = XU(0,1) XP(a) pointwise,
and
91-5 XP(z) < XU(0,2)NP(x)>
and

/ dH"(y) < 0.
U(0,2)NP(x)

Thus, by Dominated Convergence Theorem ( see Theorem [2.0.11]), we have

in [ s W) = [ xwondi (3.0.21)
020 Jp(a) P(x)

Thus, taking the limit as § — 0 in (3.0.20]) and using (3.0.21)), we get

| n
liminf — [ Xz, (y) du > 0(x) / Xu(o,)(y) dH" (y)

p—0  p" P(z)
that is ,
. i U x, n
lim me > 9($)/ Xu(0,)(y) dH" (y)
p—0 1% P(x)

_— / aH"(y)
P(z)NU(0,1)

= 0(z)ay, (3.0.22)



Finally, note that

U(z,p) C Bz, p)

So,

p Uz, p)) < p(B(z, p))

which implies

pw(U(z,p) _ p(B(z,p))

p" pr

that is,
B
timint A0 gy 1B ) (3.0.23)
p—0 pr p—0 pr
So, by (3.0.16)), (3.0.23) and (3.0.22)), we get
B B
0(x)a,, > limsup 1B, p) > lim inf n(B.p) > lim inf U, p)) > 0(z)a,.
p0 pr p=0 pr p—0 pr
Thus, lim M exists and
p—0 pr

g 1 B0)

p—=0 Q"

which finishes the proof of claim 1 .



Now, recall by Lemma |3.0.4] that the function x — u (B(x, p)) is borel.

Thus, by claim 1, we have

i LB@P) _ .
p—0 QP m—oo  (y, (E)

(3.0.24)

making 6 the limit of a sequence of borel functions, that is #(z) is borel. But
recall by Theorem [2.0.17), H" is a borel regular measure, which means that

every borel function is H"-measurable. So, 6 is H"- measurable.

We are left to prove that M is countably n-rectifiable. To be able to do
this, we first recall G(n,n+k) the metric space we call the Grassmanian, whose
elements are k-dimensional spaces of R"™*. The distance between any two

k-dimensional subspaces is
d(m,7') = sup | Pr(x) — Py ()]

|z[=1

where P, denotes the orthogonal projection of R"** onto .

Now, recalling Theorem [2.0.13 and the fact that 6(z) > 0 u -a.e, we get
p(R™F) = p G{9> l} = lim p {9>l} :
mel m m—oo m
1
So, let € = éu(R’”k). Then, there exists N, such that Vm > N,, we have

u(® ) < (10> 03) | < Gulre



that is,

@) (10> ) < guE (3.0.29
Now, take m, > N, and denote by
0= —
me
and
F={zcR"™: 0(z) > 0,} (3.0.26)
Moreover, , becomes
H(R™) = p(F) < Zu(BH)

Since 0(z) is H" measurable, then F' is H" measurable. Finally, notice that

by claim 1, we have

8(z) = tim " B@:2)

. p—aex € RE
p—0 app”

Hence, by definition of F' ( see (3.0.26])), we get that the

o BB )

p—0 anpn

, z€F (3.0.27)



Now, to be able to construct the sets eligible to be our Lipschitz images,
we need to introduce cones. For z € R"** and 7 a k-dimensional space, let

X, (m, x) denote the following cone

Xo(m,z) = {y e R"* |P(y — )| > aly — z|}.

, n(Xy(m2) 0 (Bl p))
Claim # 2: lim

p—0 pr
r € F and 7, = P1(x)

= (0 where

Proof of Claim # 2: For 0 < < 1, consider the cone

C = X1 (m,,0) N B(0,1)

1
2

Let Nj be the ¢ - neighborhood of C' .Let gs € C°(R"™* R) |, where 0 < g; < 1
and g; = 1 on C and 0 on Ny, such that (l$irr(1] gs = Xc pointwise on R"**. Then,
%

for all 0 < § < 1, we have

Xc < s

By theorem [2.0.14] we have

/XC (%) dus/% (%) du

1
Multiplying by — and taking lim sup on both sides, we get
pTL



IN

p—0 P
1 _
_ lim—/g5 <y m) du  (3.0.28)
p—0 p" P

For the left hand side of (3.0.28)), notice that

. 1 y—x ) 1 y—x
limsup — [ x¢ du limsup — [ gs du
p—0 P" p " p

1 Yy—x 1
— dp = — 72 2)B(z d 3.0.29
P /Xc( P > H Pz /XX%( 2 2)NB(ap) (Y) dpt ( )

For the right hand side of (3.0.28)), notice that by (3.0.1]) and (3.0.8)), we have

i+ [ 0 (y%) dn=0(0) [ eI 3030

p—0 p"

Replacing (3.0.29) and ((3.0.30)) in (3.0.28)), we get

. 1 .
hmsupp—n XX (ro ) Bl ) () dit < () / 95(y)dH"(y)  (3.0.31)

p—0 P(x)

Notice that (3.0.31]) is true V0 < 6 < 1. Now

lim g5X pz) = Xc Xp(z) pointwise,

g5 X P(x) < XsptgsNP(z)



and

/ dH" (y) < oo,
sptgsNP(x)

Thus , by Dominated Convergence theorem (see Theorem [2.0.11)) , we get

i [ g aiw) = [ xew)dHw) (3032
P(z) P(z)

Thus, taking the limit as § — 0 in (3.0.31]) and using (3.0.32)), we get

1
2

ey (X3 (e 2) 0 Bz, p))

p—0 p"

< 0(z) /P X)) (303)

We finish the proof of claim 2 by showing that right hand side of (3.0.33) is

zero, that is

/ xc(y)dH" (y) = / dH" = H"(P(z)NC) = 0.
P(z) P(z)NC

To do that, it is enough to show that P(z) N C = {0}. Since y € P(x) then

Pp(z)(y) = y and Ppy (y) = 0 where Pp(;) denotes the orthogonal projection

of R"™* onto P(x). But y € C, so |Ppyy)(y)] > % Hence, we get 0 = %

which means y = 0. and thus P(x) NC = {0}.
I <X%(7Tm,$) N B(z, p)>

lim sup =0,
p—0 p”

and claim 2 is proved.



Now, we are ready to construct the sets eligible for being Lipschitz images :

For k =1,2,--- and « € F ( as constructed in (3.0.26)), let

B
fe(x) = inf 1 (B(z, p)) (3.0.34)
(0<P<%) QP
and
I (X%(m,x) N B(z, p)>
qe(z) = sup — (3.0.35)
(0<p<i) Qnp

For every x € F, by claim 1 and (|3.0.27]), we have
O(x) = lim fi(z) > 6, and lim q(z) =0 (3.0.36)
k—o0 k—o0

Now, by Egoroft’s Theorem (see Theorem [2.0.15)), there exists A; C F' such

that
1
p(F\ A < ZM(R”M) and klim fr(z) = 6(x) uniformly on A,
—00

By applying Egoroff’s Theorem again, there exists a set Ay C A; such that

1
(A \ Ag) < ZMRHM) and klim ¢x(z) = 0 uniformly on Ay
—00



Set F := Ay. Then, £ C F and

WENE) < p(F\ A+ p(Ar\ E)
= p(F\ Ar) + p(Ar\ Az)

1
< §M(R”+’“) (3.0.37)
Moreover,
lim fx(z) > 6,, and lim gx(z) =0 uniformly on £ (3.0.38)
k—o00 k—oco

Now, fix 0 < € < 1 and using uniform convergence, then there exists k, such

that for all £ > k, , and for all x € E, and using (13.0.36)), we have
|[fie(x) = 0(x)] < boe and [g(z)] < Ooe
So, Vk >k, , we have

fu(@) = 6,(1 —€) and gy(z) < boe (3.0.39)

Then,Vk > k,, substituting (3.0.39)) in (3.0.34) and (3.0.35]) respectively ,we

get

X
inf 1B p)) >0,(1—¢€) and sup <

(0<p<g)  Qnp” (0<p<) Qnp"




Thus, for p < é , we get

WBE) Ly oy g L 0BE)
QP - QP

1
2

< fpe.  (3.0.40)

1
Let § = T Then (3.0.40) holds for all p < §.

We know that the Grassmanian G(n+k , k) is compact in the d- metric space,
1
so for € = 16 we can choose k- dimensional subspaces 7y, - - - mx of R™"* such

that for any k- dimensional 7 of R"™ | there exists a j € {1,---, N} such
1

< —.

— 16

Let Ei,---, E, be subsets of E defined by :

that d(m, ;)

1
E; = {:IZ‘ € E.d(mj,m,;) < 1_6}

N
Its is clear that F = U E;.

j=1
Now, to be able to prove that Ej is inside a countable union of Lipschitz

images, we need to prove the following claim.

1
and 0 = — as above (see line below (3.0.40))),

1
Clai 3: Fore=———
aim # or € 16" 11 i

we have
0 .

Proof of Claim # 3: Fix € and § as in statement of the claim. We proceed
by contradiction. Let € E; and suppose there exist y # x such that

y € Xs(mj, z) N E; N B(z, 2). So , there exists p < 2 such that y € 9B(z, p)



that is [y — 2| = p < &.
Since v € I/; C E and 2p < ¢ , then by (3.0.40)), we have

;L<)(%(wx,z)rwzng;2p)) < By an(2p) (3.0.41)
In order to reach a contradiction, we need to show that

B <y, —> C Xi(mzyx) N B(x,2p)

1
2
Take z € B(y, ). Then

p
_yl < 2 3.0.42
| m_lﬁ ( )

But, by the Triangle Inequality, we have

lz—x| < |z—y|+|y— 2

P
16 F

17p
16

IN

< 2p. (3.0.43)

Thus, z € B(x,2p).

We still need to show that z € X% (74, x), that is we need to show that



Notice that =,y € Ej}, so we have

1 1
d(ﬂ'j,ﬂ'x) S E and d(ﬂ'j,ﬂ'y) S E (3044)
Now,
|Pr,(z —2)] = |Pr,(z—2)+ Pr,(z —2) — Pr,(2 — )|

> |Pr (2 —2)| = |Pr,(z —x) = Pr,(z — )| (3.0.45)

J

To bound the second summand of the right hand side of (3.0.45)), note that by
(3.0.44]) and the the definition of distance, we have

Z—x Z—x 1
P7r _P7T' ‘<d xy g < —
I(|z—x|> J<|z—x|) < dme ) < 1

Thus, by linearity of the projection function, we get

1

|2 — |

(Pr,(z — x) = Pr,(z — 1)) ’ < 1_16

that is,

|2 — |
16

(3.0.46)

P (z— 1) —ij(z—x)‘ <

To bound the first summand of (3.0.45]), notice that since y € X%(Tl‘j,l‘) and

|y — x| = p, then

3 3
[Pry(y —2)| 2 ly — 2 = 7p (3.0.47)



Moreover, by (3.0.42)), we have

P
Poy—2) <ly—2< L (3.0.48)

Thus, combining ((3.0.47)), (3.0.48) and using linearity of the projection func-

tion, we get

|Pr(z —x)] = |Pr(z—y+y—x)
- |P7Fj<z_y)+P7fj(y_'r>|

|_P7Tj(y_z)+P7rj(y_$)|

> |P7rj(y_'r)|_|P7Tj(y_z)|
3 _p
- 3, _ P 3.0.49

Substituting (3.0.49) and (3.0.46)) in (3.0.45)) and recalling (3.0.43)), we get

O T

4 16 16
11p |z —z
= — - —. 3.0.50
16 16 ( )
However, by (3.0.43)),
17
2=l < —F



that is,

1
p> 1—5\2 —zl. (3.0.51)

Replacing (3.0.51)) in (3.0.50)), we get

11 /16 |z — x|
Po(z—a) > — (2s—qg) - 224
Pr.(z=2)] 2 5 (172 x’) 16

_1_1_i’_‘
-\ 1)

2 —1| —
z— x|
2

Thus, we proved that

So, by (3.0.40)), we get

L <X (72, ) N B(x, 2p)> Y (B(y, 1_6))

1
2

v
>
Q
—~
—_
|
@)
~—

1
since € = TS TR we get a contradiction with (3.0.41f). This finishes the

proof of Claim 3.




Now , we are ready to prove that Ej’s are our required sets

Claim # 4: Vj =1,2--- /N , Vz, € E; we have,
E,NB <xo, %) C fro;(R™)
where
froj i R" — R™* is Lipschitz

Proof of Claim # 4:We want to use the result of Lemma [3.0.2]
Let z € E;N DB (xo, g) and suppose there exists y # x € E; N B(z, p).
Then, by Claim 3 , we have y ¢ X%(Trj, x)

So,

3
|Pr(y = 2)| < Zly — 2] and [y —af <p
Translating by x, we get
3
|P7rj+w(y) - $| < le

Thus, by Lemma used on € = %, we get
5 n
B0 B0, ) C fros(R”)

where f,, ;: R" — R""* is Lipschitz. This finihses the proof of Claim 4.



Now, we have to construct countable sets that are eligible to be our Lipschitz
images.
5 o0 . / 6
Let {B(mi, Z)} denote a countable cover for E with |z; —z;[ > 7.
i=1
Vi,i € N, we have

that is,

S0,

(e () -5

1=

N
Taking the union over j on both sides and recalling that £ = U E;, we get
j=1

0 (50r0 ) - U -

Jj=1

”C8

so, by Claim 4, we get

oo, N

E = U(EmeZ,) UfWR”

i,j=1 ,7=1



Renaming, we get
E c|J AR (3.0.52)
=1

where f; : R® —s R"** is Lipschitz for all [ = 1,2--- . Thus, we got that E is

inside countably many Lipschitz images.

1
Recall from ([3.0.37)), we chose E such that pu(F\ F) < Q,LL(R"““). Set B := F.

Thus, on E! (3.0.38) holds and we have (3.0.52)). Since we renamed E to E!,
let us rename ([3.0.52)) to say that

Ec@ﬁ@ﬂ (3.0.53)

=1

where f; : R® — R is Lipschitz for all [ = 1,2---. Now, by Egoroff
Theorem (see Theorem [2.0.15|), construct a set E? with E? C F'\ E' (that is
E'NE? = ¢)

p((F\ B\ E?) < (R,

and (3.0.38)) holds on E?. Repeating the same work we did in Theorem from
(13.0.38]) to (3.0.53)), we get

E* C U fi(R™)
=1

where f; : R* —s R"** is Lipschitz for all [ =1,2--- .

In general, for p € N by by Egoroff Theorem (see Theorem [2.0.15]), construct



p—1 p—1
aset EP with E? C F\ | J E’ (that is E"n | J E' = ¢),

m ((F \@1 EY)\ Ep> < 2—11)#(1@"““) (3.0.54)

and (13.0.38) holds on EP. Repeating the same work we did in Theorem from
(13.0.38]) to (3.0.52)), we get

EP C D FP(R™) (3.0.55)
=1

where f; : R® — R"** is Lipschitz for all [ = 1,2--- . Thus, we have now

constructed countably many disjoint u - measurable sets E° C F such that,

holds Vi € N. Moreover, using , we have
i <F \ G E’) =0 (3.0.56)
i=1
Thus, by and , we get
FcC D FRY R (3.0.57)
il=1

with u(F}) =0 and fj : R* — R"** is Lipschitz for all l = 1,2, --- . Renam-

ing, we get

FcC G £®"JF) (3.0.58)

Notice that by (|3.0.58)), we have written F inside a countable union of Lipschitz



images.

Now, go back to the construction of F'in (3.0.26]) and call it F;. Thus,(3.0.58|)

becomes

Recall that

Then,

Rn—l—k \ Fl

m) e U fr=os})

By (2.0.13)), we get

F C G IR JF. (3.0.59)

m>me

1 1

()= oL <0< L))

m—+00,m>m m My

Hence, there exists m, > m, such that

;L(R”““ \ F1> iy ({i <0< i}) < %M(R"%) (3.0.60)

my me



1 1 1
Now, let Fy = {— < 6 < —} and 6; = —. Thus, (3.0.60)) becomes
my mo my

n 1 n
u(RN (B ) < @)
As in the construction of F', Notice that F; N F, = ¢ and

. u(B(w, p))

p—0 O P

281 \V/IEEFQ

Repeating the same process we did on F' (Claim 1 until (3.0.59)) but on Fy

instead, we get

BclJr®eyUr
r=1
with u(F?) =0 and f?: R® — R"* is Lipschitz for all r = 1,2, - - -
1
In general, construct Fy = { <6< } with 0,1 = such that
msfl ms—Z m571
’ 1
R\ F) < oon(®). 3.0.61
1 \UE) < gon®) (3.0.61)

Repeating the same process we did on F» ( Claim 1 until (3.0.59))) but on Fj

instead, we get
F,clJr®my|JF; (3.0.62)
=1

with p(F?) =0 and f§: R® — R™** is Lipschitz for all [ = 1,2, -



Notice that from , we get
m (RW \ G F) =0 (3.0.63)
i=1
We now prove that
m (R”*k \ D F) =u <M \ G F) =0. (3.0.64)
i=1 i=1

But using (3.0.63)) and the fact that u(R"**\ M) = 0, we get

M(R\GF> = u (R”%\M)UM)\@E-)
= (<RM\M>\GE)U(M\GE)>
. Rn“f\M)\QFi)Jru(M\QFi)

= | M\ G F> (3.0.65)

Combinig (3.0.63)) and (3.0.65)), we get (13.0.64]). Now, let
M\ JFi =M} with p(M})=0 (3.0.66)
i=1

then,

M=QEUM§



so, by (3.0.62)) used on Fj;, we get

melY (U JHEY UF;') Ju = U senU(Ue) U

il=1

let

M, =|JFi JM} such that p(M}) =0

i=1

Notice that by the sentence below ([3.0.62)) and by ([3.0.66)), we have u(M,) = 0.
Thus,

Mc | AR M, with p(M,) =0

il=1

Renaming, we get
Mc e (M,
j=1

wheref; : R® — R™"* is Lipschitz and u(M,) =0

To finish the proof of M being n-rectfiable, we still need to show that
H"(M,) =0

We know that

Moc{0>0}:U{6’>%}

=1



Let

M;’:Mom{e>1.}

]

then

=)

i=1

Now, fix 7, so Vz € M!, we have

M(B(x,r)) 1

lim ———% > —
r—0 ApT™ 7

By Lemma [2.0.21] we get

Comirri i

ZH (MO) < lu(Mo)
where ¢ is any constant depending only on n. Thus,

H(Mp) < (M)

< 3IU(JMO) =0
c

Then,

H* (ML) =0

(3.0.67)



Thus,

W) = (M)

i=1

IA

i%“(M;’) =0 (3.0.68)

And hence the proof is done. n
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